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Abstract. In this paper, we prove common fixed point theorems for weakly commuting and its variants point wise
R-weakly commuting and reciprocal continuous mappings, R-weakly commuting mappings of type (P) using
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1. INTRODUCTION

The Banach Contraction principle has been generalized in various ways such as by relaxing
continuity, extending the number of mappings, using control functions and soothing minimal
commutative conditions and various properties. Banach’s contraction principle is the primary
tool for finding fixed points of all contraction type maps. It has a constructive proof which makes

the theorem worthy as it yields an algorithm for fixed computing points.
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It was a turning point in fixed point theory literature when the notion of commutative mappings
was introduced. On the other hand, Sessa [16] coined the notion of weak commutativity of
mappings. In 1986, a major breakthrough was done when Jungck [5] introduced the notion of
compatibility. This notion is useful to find common fixed point for pairs of mappings assuming
continuity of at least one of the mappings.

The study of common fixed point theorem from the class of compatible mappings to non
compatible mappings was initiated by Pant [12,13] with the introduction of notion of R-weakly
commuting. In this paper, first we introduce generalized y —weak contraction condition for a
pair of map that involves cubic and quadratic terms of distance function d(x,y) and proved a

common fixed point theorem for weakly commuting mappings and its variants.

2. PRELIMINARIES

Banach fixed point theorem states that every contraction mapping on a complete metric space
has a unique fixed point. Let (X,d) be a complete metric space. If T: X —
X satisfies d(T(x),T(y)) < k(d(x,y))forall x,y € X,0< k < 1, then it has a unique fixed
point.

In 1969, Boyd and Wong [3] replaced the constant k in Banach contraction principle by a control
function v as follows:

Let (X, d) be a complete metric space and i : [0,00) — [0, o) be upper semi continuous from
the right such that 0 < (¢t) < tforall t > 0.

If T: X — X satisfies d(T(x),T(y)) < Y(d(x,y)) for all x,y € X, then it has a unique
fixed point.

Definition 2.1 Two self mappings f and g of a metric space (X, d) are said to be commuting if
fgx = gfxforall xin X.

The first ever attempt to relax the commutativity of mappings to weak commutative was initiated

by Sessa [16] in 1982 as follows:
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Definition 2.2 [16] Two self mappings f and g of a metric space (X, d) are said to be weakly
commuting if d(fgx, gfx) < d(gx, fx) forall x in X.
Remark 2.1 [16] Commutative mappings are weak commutative mappings, but converse may
not be true.
In 1994, Pant [12] introduced the notion of R-weakly commuting mappings in metric spaces to
widen the scope of finding fixed point for mappings from class of compatible maps to a wider
class of R-weakly commuting mappings. These maps are not necessarily continuous at fixed
point.
Definition 2.3[12] A pair (f, g) of self-mappings of a metric space (X, d) is said to be R-weakly
commuting if there exists some real number R > 0 such that

d(fgx,gfx) < Rd(fx,gx), forallx € X.”
Remark 2.2[12] (i) “For R = 1, every R -weakly commuting pair is weakly commuting.
(i) Weak commutativity implies R-weak commutativity. However, R-weak commutativity
implies weak commutativity only when R <1.”
In 1998, Pant [13] investigated the existence of common fixed points for non-compatible
mappings and point wise R- weak Commutativity.
Definition 2.5[13] A pair (f, g) of self-mappings of a metric space (X,d) is said to be point
wise R-weakly commuting on X, iff given x e X, there exists R > 0 such that

d(fgx,9fx) < Rd(fx, gx).

Remark 2.3 It is clear from the definition 2.5 that f and g can fail to be pointwise R-weakly
commuting only if there exists some x in X such that fx = gx but fgx # gfx, i.e., only if they
possess a coincidence point at which they do not commute.
In 1999, Pant [14] introduced a new type of continuity condition, known as reciprocal continuity
defined as follows:
Definition 2.6 [14] A pair (f,g) of self-mappings of a metric space (X,d) is said to be

reciprocally continuous if lim fgx, = fz and lim gfx, = gz, whenever {x,} is a sequence in
n—>oo n—»0

X such that lim d( fx,,z) = lim d(gx,,z) =0forsomez € X.
n —-oo n —oo
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In 1982, S. Sessa [16] generalized the concept of commutativity to the notion of weak
commutativity of maps. Thereafter, in 1986, Jungck [5] generalized and extend the notion of
weak commutativity to compatible mappings.
Definition 2.7[5] Two self mappings f and g of a metric space (X, d) are called compatible if
limnd(fgxn, 9f %) = 0,
whenever {x,} is a sequence in X such that
lim,fx, = lim,gx, = t, forsome t in X.
Now we state some properties for compatible mappings that are fruitful for further study.
Proposition 2.1[5] Let S and T be compatible mappings of a metric space (X, d) into itself. If
St = Ttforsomet € X, then STt = S5t = TTt = TSt.
Proposition 2.2 [5] Let S and T be compatible mappings of a metric space (X, d) into itself.
Suppose that lim,Sx,, = lim,Tx, =t for some t in X. Then the following holds:
Q) lim,, TSx, = St if S is continuous at t;
(i) lim, STx, = Tt if T is continuous at t;
(i) STt = TSt and St = Ttif Sand T are continuous at t.
Definition 2.8[17] A pair of self-mappings (f, g) of a metric space (X, d) is said to be R-weakly
commuting mappings of type (P) if there exists some R > 0 such that
d(ffx,ggx) < Rd(fx,gx) forall x € X.
Remark 2.4[17] R- weakly commuting mappings, R-weakly commuting of type (Af) , R-

weakly commuting of type (4,) and R-weakly commuting of type (P) are distinct.

3. MAIN RESULTS

In 2013, Murthy and Prasad [10] introduced a new type of inequality for a map that involves
cubic terms of metric function d(x,y) that extended and generalized the results of Alber and
Gueree-Delabriere [1] and many others cited in the literature of fixed point theory.

Now we introduce the generalized y - weak contraction of Murthy and Prasad [10] for a pairs of

mappings in the following way:
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Let A, B, S and T are self mappings on a metric space (X, d) satisfying the following conditions:
(C1) S(X) cBX),T(X) c A(X);

d?(Ax, Sx)d(By, Ty),

d(Ax, Sx)d*(By, Ty),
d(Ax, Sx)d(Ax, Ty)d(By, Sx),
d(Ax, Ty)d(By, Sx)d(By, Ty)

(C2) d3(Sx,Ty) <y i
for all x,y € X, where y: [0, ©) — [0, ) is a continuous and non-decreasing function with
Y(t)<t foreacht > 0.

Now we prove fixed point theorems for a pair of weakly commuting mappings and its variants
point wise R- weakly commuting and reciprocal continuous mappings, R- weakly commuting
mappings of type (P) involves cubic terms and product of quadratic and linear terms of distance
function d(x, y).

Theorem 3.1 Let (X, d) be a complete metric space. Let S,T, A and B be four self mappings of a
complete metric space (X, d) satisfying (C1), (C2) and the following conditions:

(3.1) oneofS,T,Aand B is continuous;

Further, assume that the pairs (4,S) and (B, T) are weakly commuting. Then S, T, A and B have
a unique common fixed point in X.

Proof: Let x, € X be an arbitrary point. From (C1) we can find x; such that S(x,) = B(x;) =
v, for this x; one can find x, € X such that T(x;) = A(x,) = y;.Continuing in this way, one can
construct a sequence {y,} in X such that

Yan = S(x2n) = B(xzn41),

Von+1 = T(Xz2n41) = A(xzn42) foreachn = 0.

For brevity, one can denote @5, = d(Van, Vons1)-

First we prove that {«,,} is non increasing sequence and converges to zero.

Case I. If nis even, taking x = x,, and y = x,,,1 in (C2), we get

d*(Axzp, Sx2,)d(Bx 241, TX2n41)

d(Axyy, Sx2n)d* (Bxzni1, TXon41)
d(Axzp, Sx2n) d(Ax gy, TX2n41)d(BXgn41, SX20),
d(Ax2n, TX2p41) A(BX2n11, SX2n) d(BX 2y 41, TX2n41)

d3 (Sxan Tx2n+1) < l/)
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Using (3.1), we have

d*Yan-1,Y20)dW2n, Yan+1)

dVan-1,Y20)d* W2n, Yons1)’ (3.2)
d(Y2n-1,Y21)dV2n-1, Yan+1)dVan Yan), '
dVon-1,Y2n+1)dW2n Y2r) AV2ns Yont1)

d3(y2n: y2n+1) < l/)

Onusing azn, = d(Yan Yane1) In (3.2), we have
a3y < Y {aFy 102, A2n_1a3y, 0,0} (3.3)
By triangular inequality, we get
d(Van-1,Y2n+1) < AWan-1,Y2n) + AWan Yan+1)
= Op-1 t azp
If ay,—1 < a,,, and using property of i, then (3.3) reduces to
a3, < a,, acontradiction, therefore, ay, < az,_;.
Case Il. If nis odd, then in a similar way, one can obtain a,,4+1 < dop.
It follows that the sequence {a5,,} is decreasing.

Let lim a,, = r, forsomer > 0.
n—oo

Suppose r > 0, then from inequality (C2), we have

{dz (Ax3p, Sx21)d(BX o1, TX2n41),
d(Ax,p, Sx2n)d2 (Bxan+1, TX2n41)

d(AXZn' SxZn)d(AxZn' Tx2n+1)d(Bx2n+1: SxZn):
d(Axzn, Txon41)A(BX2n41, SX2n)d(BX2p41, TXopn 1)

d3 (Sx2nr Tx2n+1) < l/)

Now by using (3.3), triangular inequality, property of 1 and proceed limits n — oo, we get
r3 <y (r3) < r3, acontradiction, therefore we get » = 0. Therfore

rlll_{lgo Oon = 111_1)'{}0 d(Yon Yons1) =1 =0. (3.4)
Now we show that {y,,} is a Cauchy sequence. Suppose we assume that {y,} is not a Cauchy
sequence. For given ¢ > 0 we can find two sequences of positive integers {m(k)} and {n(k)}

such that for all positive integers k , n(k) > m(k) > k.
AW m) Yno) = € AV Yno-1) < € (3.5)

Now € < d(¥mmy Yno) < AV Ynto-1) + AWno-1 Yno)-
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Letting k — oo, we get lim d (Vi) Ynw) = €
Now from the triangular inequality we have,
|d(Ynw0, Y +1) = AYmao. Yno)| < (Vi Ymoo+1).
Taking limits as k — oo and using (3.4) and (3.5), we have
lim d(ynwy Ymao+1) = €.
Again from the triangular inequality, we have
| (Vi) Yntor+1) = Ay Yno)| < AYngey Ynior+1)-
Taking limits as k — oo and using (3.4) and (3.5), we have
lli_{gd(ym(k)JYn(k)+1) = €.
Similarly on using triangular inequality, we have
|d(Ymao+1 Ynto+1) = AVmawy Yn)| < @Yoo, Ymo+1) + (Vi Yniir+1):
Taking limit as k — oo in the above inequality and using (3.4) and (3.5), we have
Ili_r)god(yn(k)+1:ym(k)+1) = €.
On putting x = Xy and y = xp(xy in (C2), we get

d*(A%m(i), SXm(i) ) A (BXn (i), TXn(i),

A (AXm i), SXm(x))d* (BXn ey, T¥n(r))
A (AXim ), SXm(i) ) A(A%Xm(ac), TXn i) ) A (B Xy, SXmi) ),
A (A% TXn(x)) A (BXn (k) S¥m(i) ) A (BXn (i), TXn(r))

d3 (Sxm(k), Txn(k)) < 1,11

Using (3.1), we obtain

d*(Ym()-1 Ym0 )d(Ynto -1 Yno))»

d(Ymo-1 Ym0 )& (Vnto-1 Yn(i))
d(Ymto -1 Ym@))d(Vmo-1 Ynw)) Vi) -1 Ymao))»
d(Ymae)-1, V) AVnto-1, Yo ) d V-1 Ynao)

&> (Ymu) Ynt)) <

Letting k — oo, and using property of ¥ and @, we have
€3 < 0, which is a contradiction.

Thus {y, } is a Cauchy sequence in X.
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Since (X,d) is a complete metric space, therefore, {y,} converges to a point z as n — co.
Consequently, the subsequences {Sx,,}, {Ax2,}, {Tx2,41} and {Bx,,41} also converges to the
same point z.
Case 1. Suppose that A is continuous. Then {AAx,,}and {ASx,,} converges to Az as n — oo.
Since the mappings, 4 and S are weakly commuting on X, therefore,

d(ASxypn, SAX,) < d(Sxapn, AXey),
Proceeding limitas n — oo,

we get lim d(SAx,,, Az) < d(z,z) =0, i.e., limSAx,, = Az.
n—->oo n—-oo

Now we show that z = Az. On putting x = Ax,, and y = x,,,4+ in (C2) we get

d*(AAxzn, SAX,n)d(BXons1, TX2n41)

d(AAxzy, SAX2n) A (BXap 41, TX2n41),
d(AAxyp, SAX2,)d(AAXop, TX2n41)d(BXopnt1, SAXan),
d(AAxyp, Txzn41)d(BXont1, SAx5n)d(Bxony1, TXon41)

d3(SAx2n; Tx2n+1) <y

Proceeding limitas n — oo, we get

d3(4z,z) < {0,0,0,0},

Or d3(4z,z) < 0

On simplification, and using the properties of v, we get d?(4z,z) = 0.
This implies that Az = z.

Next, we will show that Sz = z.

On putting x = z and y = x5,,4+1 In (C2) we have

d?(Az,Sz)d(z, z)
,d(Az,52)d?*(z,z),
d(Az,Sz)d(Az,z)d(z,5z),
d(Az,z)d(z,Sz)d(z, z)

d*(Sz, Txzn+1) < Y

Passing limit as n — oo, and after simplification, using the properties of ¥, we have

d3(Sz,z) < 1{0,0,0,0} = 0.

Thus we get d3(Sz,z) = 0. This implies that Sz = z. Since S(X) c B(X), therefore, there exists
apointu € X such that z = Sz = Bu.

Now we show that z = Tu.
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For this we put x = z and y = u in (C2) we get

d?(Az,Sz)d(Bu, Tu),
d(Az,Sz)d?(Bu, Tu)
d(Az,Sz)d(Az, Tu)d(Bu,Sz),

d3(Sz, Tu) <y i
d(Az, Tu)d(Bu,Sz)d(Bu, Tu)

On solving, we get

d?(z,z)d(z, Tw),

d(z, Z)dZ(Z, Tu),
d3(z,Tu) < ¢ i d(z,2)d(z,Tu)d(z, z), }

d(z,Tu)d(z,z)d(z, Tu)
This implies that z = Tu. Since the pair (B, T) is weak commutative, therefore, we have
d(Bz,Tz) = d(BTu,TBu) < d(Bu,Tu) = d(z,z) = 0.
Thus Bz =Tz.

From (C2) we have

d(Az,Sz)d?*(Bz, Tz)
d(Az,Sz)d(Az,Tz)d(Bz, Sz),
d(Az,Tz)d(Bz,Sz)d(Bz,Tz) }

d?(Az,Sz)d(Bz, Tz),
d3(Sz,Tz) < ¢ 1
Therefore, we get
d3(z,Tz) < ¥{0,0,0,0}
Using the properties of i , we have z = Tz.
Case 2. Suppose that B is continuous; we can obtain the same result by way of Case 1.
Case 3. Suppose that S is continuous.
Then {SSx,,, }and {SAx,,} converges to Sz as n — oo. Since the mappings A and S are weakly
commuting on X, therefore, we have

d(ASxypn, SAX,) < d(Sxapn, AXay)

Proceeding limit as n — oo, we get lim d(ASx,,,Sz) < d(z,z) = 0,
n—>0o
i.e., limASx,, = Sz.
n—->oco

Now we prove that z = Sz.

For this put x = Sx,, and y = x,,44 in (C2), we get
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d? (ASx24, SSX20)A(BXopn 41, TXon41)

, d(ASx2p, Sstn)dZ(Bx2n+1' TXyn+1)
d(ASx3p, SSx21)A(ASX 2, TXpn11)A(BX2n 11, SSX2n),

d*(SSxom, TXons1) < lpi
d(ASx,, TXop+1)A(BXopt1, SSX0n)A(BXoni1, TXon41)

Taking limit as n — oo, and using the properties of i we have

d3(Sz,z) <1 {0,0,0,0}

ord3(Sz,z) <0

Thus we get d?(Sz,z) = 0. This implies that Sz = z.

Since S(X) < B(X) and hence there exists a point v € X such that z = Sz = Bv.

Now we claim that z = Twv.

For this we put x = Sx,, and y = v in (C2) we get

d?(ASxy,,, SSx,,)d(Bv, Tv)
,d(ASx,y,, SSx5,,)d%(Bv, Tv),
d(ASx,,, SSx5,)d(ASx,,, TV)d(BV, 55x5,),
d(ASx,,, Tv)d(Bv,SSx,,)d(Bv, Tv)

d3(8Sx,,, TV) <Y

Taking limit as n — oo, and

d?(z,z)d(z,Tv),

d(z,z)d?*(z,Tv),
d(z,z)d(z, Tv)d(z, z),
d(z,Tv)d(z,z)d(z,Tv)

d3(z,Tv) <y

Using the properties of i , we have z = Tv. Since the pair (B,T) is weakly commuting on X,
so we have d(TBv,BTv) < d(Tv,Bv) =d(z,z) = 0.

So,Bz =Tz.

Now put x = x,, and y = z in (C2), we get

d?(Ax,y, Sxp,)d(Bz,Tz)
’ d(Axan SxZn)d2 (BZ’ TZ):
d(Axyp, Sx00)d(Ax,,, Tz)d(Bz,Sx5,),
d(Ax,y,,Tz)d(Bz,Sx,,)d(Bz,Tz)

d3(Sx,,, Tz) <Y

Passing limit as n — oo, we get
d3(z,Tz) < {0,0,0,0} using the properties of 1y , we have z = Tz.

Since T(X) c A(X), therefore, there exists a pointw € X such that z = Tz = Aw.
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We claim that z = Sw.
For this, we put x = w and y = z in (C2) we have

( d?(Aw, Sw)d(Bz,Tz), \
d(Aw,Sw)d?(Bz,Tz),
d*(sw,T2) < id (Aw, Sw)d(Aw,Tz)d(Bz, Sw),}
d(Aw,Tz)d(Bz,Sw)d(Bz,Tz)

On solving, we have

d(z, Sw)d?(z,z)
d(z,Sw)d(z,z)d(z,Sw),
d(z,2)d(z, Sw)d(z,2) )

d?(z,Sw)d(z, z),
d3(Sw,z) < ¢ l
This implies that Sw = z. Since the pair (S, A) is weakly commuting on X, therefore,
d(ASw,SAw) < d(Sw,Aw) = d(z,z) = 0, therefore,
Az = Sz.
Hencez =Az=Sz=Bz=Tz.
Therefore, z is a common fixed point of S, T, A and B.
Case 4. Suppose that T is continuous, we can obtain a similar result by way of case 3.
Uniqueness: Suppose z # w be two common fixed points of S, T, A and B.
On putting x = zand y = w in (C2), we have
d3(Sz, Tw) < 1{0,0,0,0}
On solving we have d?(z,w) = 0.
This implies z = w.
This completes the proof.
Pointwise R-Weakly Commuting & Reciprocal Continuous Mappings
Now we prove a common fixed point theorem using the notion of point wise R-weakly
commuting mappings along with the notion of compatible and reciprocal continuous mappings.
Theorem 3.2 Let S,T, A and B be four mappings of a complete metric space (X, d) into itself
satisfying (C1), (C2) and the following conditions:
(3.6) (4,5) and (B, T) are point wise R-weakly commuting pairs,
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(3.7) (4,5) and (B, T) are compatible pairs of reciprocally continuous mappings.
Then S,T, A and B have a unique common fixed point.
Proof. Let x, € X be an arbitrary point. From (C1), we can find x; such that S(x,) = B(x;) =
Yo. For this, x; one can find x, € X such that T(x;) = A(x,) = y,. Continuing in this way, one
can construct a sequence {y,,} such that
Von = S(X2n) = B(X2n41), Yan+1 = T (Xan41) = A(xzny,) foreach n = 0.
From the proof of Theorem 3.1, {y,} is a Cauchy sequence in X.
From the completeness of X, there exists a z € X such that y,, - z asn — oo.
Moreover, since
Yan+1 = T (Xans1) = AQxope2) and yo, = S(x2n) = B(xzn41) are subsequences of {y,}, we
obtain
Ai_l;goT(xZn+1) = rlli_r)gloA(XZnH) = YILEEOS(xZn) = TILEEOB(XZn+1) =Zz.
If B and T are compatible, then

lim d(BTx,,TBx,) =0;
n—oo

that is, Bz = Tz. Also by the reciprocal continuity of B and T, we have

lim BTx,,, = Bz and lim TBx,, = Tz.
n—oo n—oo

Since T(X) < A(X), there exists a point w in X such that Tz = Aw.
Setting x = wand y = z in (C2), we get

d?(Aw, Sw)d(Bz,Tz)
,d(Aw, Sw)d?(Bz,Tz),
d(Aw,Sw)d(Aw,Tz)d(Bz, Sw),
d(Aw,Tz)d(Bz,Sw)d(Bz,Tz)

d3(Sw,Tz) <y

This implies that

d?(Tz, Sw)d(Tz,Tz)
+d(Tz, Sw)d?(Tz,Tz),
d(Tz,SW)d(Tz,Tz)d(Tz, Sw), |’
d(Tz,Tz)d(Tz,Sw)d(Tz,Tz)

d3(Sw,Tz) <y

i.e., d3(Sw,Tz) < {0,0,0,0}, using the properties of 1y, we have Sw = Tz, and hence Sw =

Tz = Aw = Bz.
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The point wise R-weak commutativity of B and T implies that there exists an R > 0 such that
d(BTz,TBz) < Rd(Bz,Tz),

which implies that BTz = TBz and TTz = TBz = BTz = BBz.

Similarly, the point wise R-weak commutativity of A and S implies that there exists an R > 0

such that d(ASw,SAw) < Rd(Aw, Sw),

which implies that ASw = SAw and AAw = ASw = SAw = SSw.

Again substituting x = wand y = Tz in (C2), we get

( d?(Aw, Sw)d(BTz, TTz) \

d(Aw, Sw)d?(BTz, TTz),
3 TTz) <
(5w, TT2) < lpid(Aw,Sw)d(Aw, TTZ)d(BTz Sw),

d(Aw,TTz)d(BTz,Sw)d(BTz, TTz)
On simplification and using the properties of 1, we have
d3(Tz, TTz) < {0,0,0,0}
Hence Tz = TTz. Thus Tz = TTz = BTz.
Therefore, Tz is a common fixed point of B and T.
Taking x = Sw and y = z in (C2), we get

d?(ASw,SSw)d(Bz,Tz),
d(ASw, SSw)d?(Bz,Tz),
d(ASw, SSw)d(ASw,Tz)d(Bz, SSw), |
d(ASw,Tz)d(Bz,SSw)d(Bz,Tz)

d3(SSw,Tz) < P

On solving, we have
d3(SSw, Sw) < 1{0,0,0,0}
Using the properties of i, we have
Hence Sw = SSw. Thus Sw = SSw = AAw,
Thus Sw is a common fixed point of A and S.
If Sw = Tz = u, then Tu = Bu = Su = Au = u. Hence u is a common fixed point of 4,B, S
and T.
Uniqueness: Suppose that v # u are two common fixed points of S,T, A and B.

On putting x = u and y = v in (C2), we have
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d3(Su, Tv) < ¥{0,0,0}

i.e., d3(u,v) < ¥{0,0,0}
i.e.,d*(u,v) = 0, This implies u = v.
This completes the proof.
R- Weakly Commuting Mappings of Type (P).
In 2009, Kumar et al. [17] defined the concept of R- weakly commuting mappings of type (P) in
metric spaces. Now, we prove a common fixed point theorem for pairs of R- weakly commuting
mappings of type (P) .
Theorem 3.3 Let S,T, A and B be four mappings of a complete metric space (X, d) into itself
satisfying (C1), (C2),(3.1) and the following conditions:
(3.8) (4,5) and (B, T) are R- weakly commuting of type (P),
Then S,T, A and B have a unique common fixed point.
Proof. Let x, € X be an arbitrary point. From (C2) we can find an x; such that S(x,) = B(x;) =
Y. For this x; one can find an x, € X such that T(x;) = A(x,) = y;. Continuing in this way,
one can construct a sequence such that
Yan = S(X2n) = B(x2n41), Yans1 = T(X2n41) = A(xzny2) foreachn = 0.
From the proof of Theorem 3.1, {y,} is a Cauchy sequence in X.
By the completeness of X, there exists a z € X such thaty,, - z asn — oo.
Moreover, since
Vone1 = T (Xan41) = A(Xony2) and yo, = S(x9,) = B(x3,41) are subsequences of {y,}, so
these subsequences
T(x3p41) = A(xyp42) = S(xy,) = B(x,,,41) also converges to the same limitas n — oo.
Case 1: Suppose that A is continuous. Then {AAx,,} and {ASx,,} converges to Az as n — oo.
Since the mappings A and S are R-weakly commuting of type (P), we have

d(5Sxyp, AAX,,) < Rd(Axn, Sxop).

Letting n — oo, we get lim SAx,, = Az.
n—->oo

On putting x = Ax,, and y = x,,41 In (C2), we get
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d? (AAxzy, SAX2n)A(BX2p41, TX2pn41)

, A(AAx,y, SAxZn)dz(Bx2n+1’Tx2n+1); '
d(AAX2n, SAX 1) A(AAX 20, TX2n41)A(BX2n 41, SAX2n),
d(AAXyn, Txon41)d(BXypn 41, SAX20)A(BXp41, TXon41)

d*(SAxzp, TXpne1) < lpi
Proceeding limit as n — oo, we get
d3(Az,z) < ¢{0,0,0,0}
i.e., d®(Az,z) < 0.Using the properties of 1, we have d?(Az,z) =0, i.e., Az = z.
Next, we shall show that Sz = z.
For this, puttingx = zand y = x,,,, in (C2), we get

d?(Az,52)d(z, z)
,d(Az,52)d?*(z,z), 1
d(Az,5z)d(Az,z)d(z,52),
d(Az,z)d(z,5z)d(z, z)

d*(Sz, Txni1) S Y

Therefore,

d3(Sz,z) < ¥{0,0,0,0}. Using the properties of 1 , we have

Thus, d?(Sz,z) = 0, implies Sz = z.

Since S(X) < B(X), therefore, there exists a point u € X such that z = Sz = Bu.
We claim that z = Tu.

For this, on putting x = z and y = u in (C2), we get

d?(Az,Sz)d(Bu, Tu),

d(Az,Sz)d?*(Bu, Tu)
d(Az,Sz)d(Az,Tu)d(Bu,Sz),
d(Az, Tu)d(Bu,Sz)d(Bu,Tu)

d3(Sz,Tu) < ¥

Thus we have

d?(z,z)d(z, Tu),

d(z,z)d?*(z, Tu)
d(z,z)d(z,Tu)d(z, z),
d(z,Tu)d(z,z)d(z,Tu)

d3(z,Tu) < ¢

Using the properties of i, we have z = Tu. Since (B, T) is R-weakly commuting of type (P),
we have d(Bz,Tz) = d(BBu,TTu) < Rd(Tu,Bu) = Rd(z,z) = 0.

Hence Bz = Tz.
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Finally, we have

( d?(Az,Sz)d(Bz,Tz), \

2
2T < v id (Aj, (Sg'ds(zjg T(gzd' (TBZ; SZ),}
d(Az,Tz)d(Bz,Sz)d(Bz,Tz)
On simplification, we have
d?(z,Tz) < {0,0,0,0}
Using the properties of ¢, we have z = Tz. Hence z = Bz = Tz = Az = Sz. Therefore, z is a
common fixed point of S, T, A and B.
Case 2: Suppose that B is continuous. Then we can obtain the same result by using Case 1.
Case 3: Suppose that S is continuous.
Then {§Sx,,}and {SAx,,} converge to Sz asn — .
Since the mappings A and S are R-weakly commuting of type (P), we have d(AAx,,, SS5x,,) <
RA(Sxy,, Axyy).

Letting n — oo, we get lim ASx,, = Sz.
n—-oo

On putting x = Sx,, and y = x,,,1 in (C2), we get

d*(ASxyn, SSx20)d(Bxon1, TXon41)
, d(ASx2p, SSXZn)dZ (BxX2n+1, TXon41),
d(ASx2n, SSX2n) A(ASX2n, TXon41)d(BX2n 41, SSX2m),
d(ASxan, TX2n41)d(BXon41, SSX2n)d(BXan41, TXon41)

d3 (Sstnr Tx2n+1) < l/)

Proceeding limit as n — oo, we get
d3(Sz,z) < ¢{0,0,0,0}
ie., d3(Sz,z) <0
Thus we get d3(Sz, z) = 0, which implies that Sz = z.
Since S(X) c B(X), there exists a point v € X such that z = Sz = Bv.
We claim that z = Tv.

For this, putting x = Sx,, and y = v in (C2), we get
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l[ d?(ASxy,,, SSx,,)d(Bv, Tv)
2 |+d(ASxy,, SSxy,)d%(Bv, Tv))’
d(ASxy,, SSx5,)A(ASXy,, TV)A(BV, SSx5,), |

d2(SSxy, TV) < zpi
d(ASx,,, Tv)d(Bv,SSx,,)d(Bv, Tv)

On simplification, we get

d?(z,z)d(z, Tv),

d(z,z)d?*(z, Tv)
d3(z,Tv) < lpid(z' 2)d(z, Tv)d(z, Z),f

d(z, Tv)d(z,z)d(z, Tv)
Using the properties of i , we have z = Tv.
Since (B, T) is R-weakly commuting of type (P),
we have d(Tz,Bz) = d(TTv,BBv) < Rd(Bv,Tv) = Rd(z,z) = 0.
This gives Bz = Tz, forR > 0.
Finally, from (C2) we have

d?(Ax,y, Sx,,)d(Bz,Tz),
d(Axy,, Sxy,,)d%(Bz,Tz),
d(Axyp, Sxpp)d(Ax,,, Tz)d(Bz,Sx5,),
d(Ax,yn,Tz)d(Bz,5x,,)d(Bz,Tz)

d3 (SXZn, TZ) < llj

Therefore, we have

d3(z,Tz) < 1¥{0,0,0,0}. Using the properties of 1y, we have

z=Tz.

Since T(X) c A(X), therefore, there exists a pointw € X such that z = Tz = Aw.
We claim that z = Sw.

To establish this, on putting x = w and y = z in (C2), we get

d?(Aw, Sw)d(Bz,Tz),

d(Aw, Sw)d?(Bz,Tz)
d(Aw,Sw)d(Aw,Tz)d(Bz, Sw),
d(Aw,Tz)d(Bz,Sw)d(Bz,Tz)

d3(Sw,Tz) < ¢

Hence we get
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d?(z,Sw)d(z, z),
d(z, Sw)d?(z, z)
d(z,Sw)d(z,z)d(z, Sw),
d(z,z)d(z,Sw)d(z,z)

d3(Sw,z) <y

Properties of ¥, implies that Sw = z.
Since (S,A) is R-weakly commuting of type (P), we have d(Az, Sz) = d(AAw,SSw) <
Rd(Sw,Aw) = Rd(z,z) = 0. Hence Az = Sz.
Hence z = Az = Sz = Bz = Tz, and z is a common fixed point of S, T, A and B.
Case 4: Suppose that T is continuous. We can obtain the same result by using Case 3.
Uniqueness: Suppose that z # w are two common fixed points of S,T,A and B.
On putting x = zand y = w in (C2), we get
d3(Sz, Tw) < ¥{0,0,0,0}

i.e.,d?*(z,w) = 0 implies z = w.
This completes the proof.
Example 3.1 Let X = [2,20] and d be a usual metric. Define the self mappings 4, B, S and T on
X by

12 if 2<x<5
Ax =<5x—-3 if x>5 , sz{
2 if x =2

2 if x=2
6 if x>2’

6 if 2<x<5
Sx=<x if x=2 and Tx={
2 if x > 5.

x Iif x=2
3 if x>2

Let us consider a sequence {x,} with x,, = 2. It is easy to verify that all the conditions of

Theorem 3.1 are satisfied. In fact, 2 is the unique common fixed point of S, T, A and B.
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