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Abstract. In the present paper, first we introduce generalized i — @ —weak contraction condition that involves
cubic and quadratic terms of distance function d(x, y) and then proved common fixed point theorems for compatible
mappings. Secondly, we deal with variants of compatible mappings type (K), type (R) and type (E). At the end, we
provide applications of our results.
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1. INTRODUCTION

Banach fixed point theorem is the basic tool to study fixed point theory and shows the
existence and uniqueness of a fixed point under appropriate conditions. This theorem provides a
technique for solving a variety of applied problems in mathematical sciences and engineering.
Most of the problems of applied mathematics reduce to inequality which in turn their solutions
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give rise to the fixed points of certain mappings. It was the new era of the fixed point theory
literature when the notion of commutativity mappings was used by Jungck [5] to obtain a
generalization of Banach’s fixed point theorem for a pair of mappings. The first ever attempt to
relax the commutativity to weak commutativity was initiated by Sessa [21]. In 1986, Jungck [6]
introduced more generalized commutativity, so called compatibility. Ever since the introduction
of compatibility, the study of common fixed points has developed around compatible maps and
its weaker forms and it has become an area of vigorous research activity. Notice that the notions
of weak commutativity and compatibility differ in one respect. Weak commutativity is
essentially a point property, while the notion of compatibility uses the machinery of sequences.
However, fixed point theory for non compatible mappings is equally interesting and Pant [18]
has initiated some work along these lines. It may be observed that the mappings # and g are said
to be non compatible if there exists a sequence {x,} in B such that for some % in B, but

lim d(fgx,, g¢fx,) is either non-zero or nonexistent. In 1996, Jungck [8] introduced the notion
n—-oo

of weakly compatible mappings and showed that compatible maps are weakly compatible, but
not converse may not be true. In 1998, Pant [17] introduced a new notion of continuity and
called it reciprocally continuous mappings. In 2001, Sahu et al. [22] introduced the notion of
intimate mappings in metric spaces. Intimate mappings are more improved version of weakly
commuting, semi-compatibility and R-commutativity etc. Sahu et al. [22] have also shown that
intimate mappings are more general than compatible mappings. The most crucial feature of
intimate mappings is that these mappings do not necessarily commute at a coincidence point. It is
the generalization of compatible mappings of type (A). In 2004, Rohan et al. [20] introduced the
concept of compatible mappings of type (R) by using the notion of compatible mappings and
compatible mappings of type (P) together. In 2007, Singh and Singh [23] introduced the concept
of compatible mappings of type (E) by rearranging terms of compatible mappings of type (P) and
compatible mappings. In 2014, Jha et al. [11] introduced the concept of compatible mappings of

type (K) by modification in compatible mappings of type (P) in a metric space. In 1993, Jungck
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et al. [10] introduced the notion of compatible mappings of type(A) which is equivalent to
concept of compatible mappings under some conditions.

Banach fixed point theorem states that every contraction mapping on a complete metric
space has a unique fixed point. Let (8B,4) be a complete metric space. If T: 8 —
B satisfies (T (x),T(¢)) < k(d(x,y)) for all x,4 € B,0 <k <1, then it has a unique
fixed point.

In 1969, Boyd and Wong [3] replaced the constant £ in Banach contraction principle by a
implicit function y as follows:

Let (B,4) be a complete metric space and i : [0,00) - [0,00) be upper semi
continuous from the right such that 0 < ¥ (¢) < t forall £ > 0.

If 7:B —> B satisfies d(T(x),T(y)) <P(d(x,4)), for all x,4 € B, then it has a
unique fixed point.

In 1997, Alber and Gueree-Delabriere [1] introduced the concept of weak contraction as
follows: A mapT: B — Bis said to be weak contraction if for each x, ¢ € B, there exists a
function @ : [0, c0) — [0, 00), @ (£) > 0 for all £ > 0 and @ (0) = 0 such that
AT (x),T(y)) < d(x,4) 0 (d(x,4)).

In connection with control function : Rt — R™* different authors have considered some of the
following properties:

Q) 1 is non decreasing

(i) yY&) <oforall > 0.

(i) (0 =0

(iv)  yiscontinuous

(V) lim Y™ (¢) = 0,forall £ > 0.
n—->oo

(Vi) X oy¥™(#) converges for all £ > 0,y™is the nth iterate

i) Y(&) = 0iff£ =0
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(viii) () > 0 forall £ € R*\{0)

(ix) rlir;;r Y(t) < 0,forall £ > 0.

(0 limw(e) = o,

(xi) 3 is lower semi continuous
Here we note that

(i) and (ii) implies (i) :

(i) and (iv) implies (iii)

(1) and (v) implies (ii)

A function y satisfying (i) and (v) that is ¥ is non decreasing and lim ¥™(¢) = 0, forall £ >0
n—-oo

is called as a comparison function.

2. PRELIMINARIES

In 1996, Jungck [8] introduced the notion of weakly compatible mappings and showed
that compatible maps are weakly compatible, but converse may not be true.

Definition 2.1[8] Two self-mappings# and g of a metric space (B,d)are called weakly
compatible if they commute at their coincidence point i.e., if f#u = gu for some « € B, then
fou = gfu.

In 1982, S. Sessa [21] generalized the concept of commutativity to the notion of weak
commutativity of maps. Thereafter, in 1986, Jungck [6] generalized and extend the notion of
weak commutativity to compatible mappings.

Definition 2.2[6] Two self-mappings # and g of a metric space (B, &) are called compatible if
lim,d($#gx,, ¢fx,) = 0, whenever {x,,} is a sequence in B such that
lim,fx, = lim,gx, = t,for some £ in 8.

Now we state some properties for compatible mappings that are fruitful for further study.
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Proposition 2.1[6] Let § and T be compatible mappings of a metric space (8, &) into itself. If
St = Tt forsome ¢ in B, then ST¢ = §§t = TTt = TSt.
Proposition 2.2 [6] Let S and 7" be compatible mappings of a metric space (B, &) into itself.
Suppose that lim,Sx, = lim,Tx, = % for some £ in B. Then the following holds:

(1) lim, T Sx, = 8% if S is continuous at £;

(i) lim,8Tx, = T if T is continuous at £;

(iiiy STt = TSt and St = Tz if SandT are continuous at £.
Now we introduce the generalized i) —@-weak contraction for a pairs of mappings in the
following way:
Let S,7,A and B are four self mappings on a metric space (B, d) satisfying the following
conditions:

(C1) S(B) c B(W),T7(B) € A(DB);

! d?(Au, Sw)d(Bv, Tv),
d(Auw, Su)d?*(Bv, Tv), 1 _
(C) EEwT SV 4 a sy (Au, To)dBe,sw), |~ ° A B}

\ d(Aw, To)d(Br, Sw)d (B, Tv) )

d?(Au, Bv), d(Auw, Suw)d(Bv, Tv),
d(Au, Tvr)d(Bv,Su),
1[d(Auw, Suw)d(Auw, Tv)
2 [+d(B4r, Su)d(Bv,Tv)

where m(Au,Bv) = max

for all u,v € B, where y: [0, ©) — [0, o) is a continuous and non-decreasing function with
Y(t) <1 foreach £ > 0 and @: [0, ©) — [0, ) is a continuous function with @ (£) =0 &1 =0
and @(t) > 0 for each £ > 0.

In this section, we prove a result for compatible mappings that satisfy generalized i —
@ —weak contraction involving cubic and quadratic terms of distance function.
Theorem 2.1 Let (B, 4) be a complete metric space. Lets,T,A and B are four mappings of a
complete metric space (B, &) into itself satisfying (C1) and (C2) and the following conditions:

(2.1) oneofs,T,Aand B is continuous.
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Assume that the pairs (A,S) and (B,T") are compatible. Then §,T,A and B have a unique
common fixed point in 8.
Proof. Let x, € B be an arbitrary point. From (C1) we can find x; such that §(xy) = B(x;) =
4, for this x, one can find x, € B such that T (x;) = A(x,) = ¢,.Continuing in this way, one
can construct a sequence {x,} such that

Yon = S(x2n) = B(x2n41),
Yons1 = T (Xan41) = A(x2p42), foreachn > 0. (2.2)
For brevity, we write a,, = d(42n, Y2n+1)
First, we prove that {a,,} is non-increasing sequence and converges to zero.
Case | If nis even, taking « = x,, and v = x,,,, In (C2), we get

dz(ﬂxm» Sx20)A(Bxoni1, T Xon41)
yAd(Axyy, SxZn)dz (Bxon+1, T %Xo2n41), }
A(Axz0, SXon)A(AX 20, T Xop 1) A(BXon 41, S%2n),

d3 (‘Sxan Tx2n+1) < lpi
A(Axo0, TXon41)A(BXons1, Sx20)A(Bx o1, T X2n11)

—@{m(Axzn, Bxani1)},

where

A*(Axyn, Bxoni1), A(Axon, S220)A(BX o i1, TXom11),
A(Ax20, T X0 41)A(BXop11, S%2n),
l A(Axon, SX20) A(AXon, T X2141)
2 [+d(Bxons1, Sx2n)A(Bxons1, TX2n41)

M(AXzn, BXony1) = max

Using (2.2), we have

A*(Yrn-1,%20) A Yon, Y2ns1)

A (Yan—1, Y2r)A* Yo Yan+1),
A(Yon—1, %2n) A (Yon-1, Y2n+1) A (Y2n, Y2n),
A(Yon-1, Y2n+1) A Y2n Y2r) A (Y2n Yons1)

A (Yon Yons1) < Y

—0{m(Yon—1, %20},

where

dz (’y)Zn—lf ’y)Zn): d(@Zn—l' %Zn)d(@Zn' ’y’2n+1):
d(’y)Zn—l' ’y’2n+1)d(@2n' @Zn):
1 [d('y’Zn—l' Yor)Ad(Yon-1, Yan+1)
21 +d(y2n Y2n)d(Yon Yan+1)

m(’y’Zn—lj ’y)Zn) = max
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Onusing a,, = d(Y2n Y2an+1) 1N the above inequality we have
a3y < PlaZn_102n, Aon—1@3n, 0,0} — B{M(Yon_1, ¥2n)}, (2.3)
where m(¢2n_1, %2n) = max {agn—p Aon-1q2n, 0»% [azn-1d(¢2n—1, Y2n+1) + 0]}
By using triangular inequality and property i and @, we get
A(Yon-1,Y2ns1) < A Yon-1, Y2n) + A(Y2n Yons1)
=ayp_1 + ay, and
M(Yon-1,Y2n) < M'(x,4) = max {agn—p Aon—1A2n, 0,% [azn-1(a2n-1 + @2n), 0]} :
If a,,_1 < a,, and using property of ¥ and @, then (2.3) reduces to
as, < as,, acontradiction, therefore, a,, < azn_;.
In a similar way, if n is odd, then we can obtaina,, 1 < a,y,.

It follows that the sequence {a,,,} is decreasing.

Let 711_{1010 ay, = 7, for some » > 0.

Suppose 7~ > 0; then from inequality (C2) and (2.2) and (2.3) we have

73 <Y (r3) — 0(r?) < #3, a contradiction, therefore we get »~ = 0. Therfore

111_{{)10 Aon = rllch}o A(Yan Yan+1) =7 = 0. (2.4)
Now we show that {¢,,} is a Cauchy sequence. Suppose that {¢,} is not a Cauchy sequence. For
given e > 0, we can find two sequences of positive integers {m(k)} and {n(k)} such that for all
positive integers k , n(k) > m(k) > k.

d(Ymy Yn) = € A(Ymu) Ynto-1) < € (2.5)
Now € < d(%mu) ¥nt)) < A(Ymay Yni-1) + A Ynto-1 Ynw)

Letting k — oo, and using (2.4) and (2.5), we get I}Lrgd(#m(k),%n(k)) =€

Now from the triangular inequality, we have,

|2 (naiey ¥mio+1) — A Bmuoy Yni))| < A(Ymaey Ymo+1)-

Taking limits as k — oo and using (2.4) and (2.5), we have
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Jim (4o, Ymao41) = €.
On using triangular inequality, we have
|2 (gmie, #niwr+1) = A(Hmaor Ynoo)| < d(@nior Ynao+1)-
Proceeding limits as k — oo and using (2.4) and (2.5), we get
,li_{gd(y‘m(k)/y’n(k)+1) = €.
Similarly, we have
|4 (Ymao+1 Ynto+1) = A Bmoo, Yno)| < A Ymuy Ymao+1) + A(Pnw)r Ynio+1).
Taking limit as k — oo in the above inequality and using (2.4) and (2.5), we have
,li_{l.}od(%n(k)ﬂ»%m(k)ﬂ) = €.
On putting « = Xy and v = xp, in (C2), we get

A (ALmiy S%me)) A (BEnwy TXnr)
) d(c’qu(k)' Sxm(k))dz (an(k)' Txn(k))'
A(Axmey, Sxmi) ) A (Axmey, T ) A (BEan+1, SEma) ),
A ( Ak, T (i) ) A (BE iy SZmi)) (B, Tngiey)

A*(Sxmey T2ngiy) <P

—0{m(ALm iy, Bngoy )}
where
( A2 (A Bn(e)), )
d(c/lxm(k), SxZn)d('an(k), Txn(k)),
/m(c/lxm(k), an(k)) = max < d(c/lxm(k),Txn(k))d(an(k), Sxm(k)),

L[ (Axmey, S Zmaao ) (Ame, T#n)
(2 [+ (Bxngiy Smi) ) A (BEn(iy, T2niey) 1)

"

Using (2.2), we obtain

A (Yo -1 Ym0 ) A (Yn0-1 Ynto ),
A(Ym()-1 Ym(w))A* (Ynto-1, Yn(i))
A(Ym()-1 Ym(i) A Ym -1 Y04 (Ynt0 -1 Yma) ),
A Ym0 -1 Yni0) AP0 -1, Ym) )4 (Ynto -1 Ynaio))

A (Ymaey Yn) < ¥

—@ {m(Axm), Bna))}
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where,

( A (Yo -1 Yn()-1)> )
A(Ym()-1 Ymw)) A (Yni)-1 Ynto))»

M( A%y BEny) = max{  A(Ymao-1%n00)d(Ynto-1 Ym0 )

1] d(%mao-1 Yma0 ) (Hmio -1 Ynao)

2 [+d(%ni0)-1, Ym0)) A (Yo -1, Ynio) |

"

Letting k — oo, and using property of ¢ and @, we have

€3 <0-0(e?)

= —@(€?), which is a contradiction.
Hence the sequence {¢,} is a Cauchy sequence in B, but (B,4) is a complete metric space,
therefore, {y,} converges to a point z in B as n — oo. Consequently, the subsequences
{Sx,,), {Ax0 1 {T %941} and {Bx,,, .4} also converges to the same point z.
Now suppose that A is continuous. Then {AAx,,}and {ASx,,} converges to Az as n — oo.
Since the mappings A and S are compatible in B, it follows from the Proposition 2.2 that
{SAx,,} converges to Az asn — .
Now we claim that z = Az. For this put « = Ax,, and v = x,,,4 in (C2), we get
A3 (SAxXop, T X2n41)

A*(AAXn , AKXz YA(BXon 41, T Xon41),
A(AAX , SAXpp YA* (BXons1, T X2n41),
A(AAxy , SAXy JA(AAXy , T Xon11)A(BXony1, SAXzn ),
A(AAx , T Xon11)A(BXon1, SAXzn )A(BXont1, T X2n41)

=y

— @ {m(AAxz, , Bxni1)},

d?(AAxz , BX2ns1),
A(AAX , SAXyn )A(BX2p11, T Xom41),
where m(AAxXy, , BXopsq) = maxy d(AAxy, , Txypi1)A(Bxoni, SAXy ),
1 [d(dqc'qun s SAxXgn JA(AAX , T X2141)
2 +d(Bx2n+1: Sc’qun )d(Bx2n+1' Tx2n+1)

d?(Az, Az)d(z,3),
d(Az, Az)d?*(z,3),
d(Az, Az)d(Az,2)d(z,Az),
d(Az,3)d(z, Az)Ad(3,3)

or d3(Az,z) <Y — @ {m(Az,3)},
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( d?(Az, z), ]
d(Az,3)d(z,3),
where m(Az,3) = max{ d(Az, z)d(z, Az), =d?*(Az, 3)
1 [ot (Az, Az)d(Az,3)
2| +d(z,Az)d(z,2)

Therefore, we have

a®(Az,z) < 1{0,0,0,0} — 8(d?(Az,3)), using property of 1 and @, we have Az = z.

Now we claim that z = §z. For this put « = z and v = x,,,, in (C2), we get
a*(8z,T%3n41)

ad*(Az,8% )d(Bxapi1, TXan11),
A(Az,87)d* (Bxani1, TXan11),
A(Az,852 )A(Az, T %2141)A(BX2p11,53 ),
A(Az,T%2141)d(BX2p11, 52 )A(Bxont1, T X2n41)

=y

— @ {m(Az,Bxns1)}

( dz(cﬂz 'Bx2n+1)' \
I A(Az ,SAxn )A(Bxans1, TX2n41), I
where m(Az ,Bxypsq) = max{ Ad(Az ,Txyp41)Ad(Bxypni1,8% ), $
Ll[ d(Az ,8z YA(Az ,TX3n41) J
21+d(Bx2311,8% )A(BXons1, T Xon41)

d*(Az,852)d (3, 3),
d(Az,82)d*(3,2),
d(Az,82)d(Az,2)d(z,52),
d(Az,2)d(3,5z)d(z,2)

or d3(8z,2) <Y — 0 {m(Az, 2)},

d?(Az, 3),
d(Az,52)d(z,3),
where  m(Az,z) = max{ d(Az,2)d(z,53), = 0.
1[d(Az,Sz)d(Az, 3)
2| +d(z,82)d(z,3)

Therefore, we have

d3(8z,z) < ¥{0,0,0,0} — @(0),using property of 1) and @, we have 43(Sz,z) = 0.

This implies that Sz = z. Since S(B) < B(B) and hence there exists a point p € B such that
z =8z = Bp.

We claim that z = Tw. To prove this we put « = z and v = p in (C2), we get
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d*(Az,8z)d(Bp, Tp),

d(Az,83)d*(Bp, Tp),
Ad(Az,83)A(Az,Tp)d(Bp,S3),
A(Az,Tp)d(Bp,$z)d(Bp, T p)

d3(8z,Tp) <y — @ {m(Az, Bp)},

d?(Az, Bp),
A(Az,83)A(Bp, Tp),
where  m(Az, Bp) = maxs d(Az,Tp)d(Bp,Sz),
1[ d(Az,82)d(Az, Tp)
2 [+d(B;7, S2)d(Bp, Tp)

0,

( d*(z,2), )
d(z,2)d(z.Tp), |
i.e., m(Az, Bp) = max d(z,Tp)d(z,3), } =0
1 [d (z,2)d(Az,Tp)
2| +d(z,2)d(3,Tp)

On simplification, and using property of ¥ and @, we have

d(z,2)d* (3, Tp),
d(z,2)d(z,Tp)d(z,3),
d(z,Tp)d(z,2)d(z,Tp))

d*(z,2)d (3, Tp),
d3(z,Tp) <Y l—@(O).

This implies that z = Tp. Since (B,T’) is compatible in B and Bp = Tp = 3, by Proposition

2.1, we have BTp = TBp and hence Bz = BT p = TBp = T'z. Also, we have

d*(Az,83)d(Bz,T3),

d(Az,853)d*(Bz,T3),
d(Az,82)d(Az,T2)d(Bz,53%),
d(Az,Tz)d(Bz,83)d(Bz,Tz)

d3(8z,Tz) <y — @(m(Az, Bz)),

d?*(Az, Bz),
d(Az,82)d(Bz,T3),
where  m(Az,Bz) = max:{ d(Az T2)d(Bz,5z), ;= d*(3,Bz).
1[d(Az,52)d(Az,T2)
2|+d(Bz,83)d(Bz,Tz)

Therefore, we obtain
d3(z,Bz) < ¥{0,0,0,0} — @(d?(z, Bz))., using property of 1 and @, we have

i.e., d?(z,Bz) <0.
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This implies that z = Bz. Hence 3 = Bz = 73 = Az = Sz. Therefore, z is a common fixed

point of §, T, A and B.

Similarly, one can also complete the proof when B is continuous.

Next, suppose that S is continuous.

Then {§Sx,,} and {SAx,,} converges to Sz as n — co. Since the mappings A and § are

compatible on B, it follows from the proposition 2.2 that {ASx,,} convergesto §z as n — oo.

Now we claim that z = $3. For this put « = Sx,, and v = x5, in (C2), we get
aA*(88x20, T %2n41)

A*(ASXzn , 8SX20 )A(Bx o1, T X5 11),
A(ASXzn , 8SX2p )A* (BXopi1, T X2 11),
A(ASxyp , 8§X25 YJA(ASXopn , T Xon11)A(BXon41, SSX2n ),
A(ASxon , T Xon41)A(BXon41, SSX2n )A(BXony1, T X2n41)

=y

— @ {m(ASxz, , Bxni1)},

( A*(ASxzn , BXons1), )
I A(ASx2n , 8SX2n )A(BXons1, T Xons1),
where m(ASxy, ,BXynsq) = max A(ASXy , TXop11)A(BXopi1, SSXon ),
1 A(ASxop ,88X25 YA(ASXon , TXon41)
21+d(Bxzns1, SSxan )A(Bxony1, TX2n41)

Now proceeding limit as n — oo and using the property of ¢ and @, we have

d?(Sz,85z)d(z,2),
a(8z,82)d*(z,2),

’(5z,5) <y Ad(Sz,52)d(Sz,2)d(z,5z),[ 0 {m(Sz,2)},
a(8z,3)d(z,83 )d(3,3)
d*(Sz,3),
a(8z,5z)d(z,3),
where m(Sz,%z) = max{ d(Sz,2)d(z,8z), p=d*(Sz,2).

1[d(Sz,82)d(Sz,2)
2| +d(z,82)d(z, 3)

Therefore, we have d3(Sz,2z) < 1{0,0,0,0} — @(¢%(Sz,3)),using property of i and @, we
have d3(Sz,z) = 0. This implies that Sz = z. Since S(B) < B(V) and hence there exists a

point g € B such that z = §3 = Bg.



2698
SANJAY KUMAR, SACHIN VASHISTHA, ANAMIKA, BALBIR SINGH

We claim that z = T'g. To prove this, we put « = Sx,, and v = g in (C2) we get
d3(88xy,,Tq)

d?(ASxzn ,§8x20 )4 (Bg, Tq),
A(ASxzp ,SSx20 )d?*(Bg, Tq),
A(ASxzn , S8X2p )A(ASX2n , TG)A(BXon11, SSX2n ),
A(ASxzn , TG)A(Bxoni1, SSX2, )A(Bg, Tq)

=y

— @ {m(ASxzy , Bq)},

( a? (Cﬂ‘stn ,B%),
d(dq‘stn ’ ‘S‘SxZn )d(B‘Z" T%):
where m(ASx,, ,Bg) = max A(ASxy, ,Tg)A(Bg,SSx2y ),
ll A(ASxyy ,88x3 YA(ASX2 , TG) J
2 [ +d(Bg, SSx, )d(Bg, Tq)

( d*(z, %), )

| d(z,2)d(z,Tq),
ie., m(z,Bg)=max{ d(z,Tq)d(z, 3), =0
l[ d(z,z)d(z,Tq)
2+d(3,2)d(z,Tq)

Therefore, we get

d*(z,2)d(z,Tq),

d(z,2)d*(z,Tq),
d(z,2)d(3,Tq)d(z, 3),
a(z,Tq)d(z,3)d(z5,Tq)

a*(3,Tq) < — 0(0).
Using the property of iy and @, we have z = Tg. Since (B,T) is a compatible pair of mappings,
S0 Bg = Tq = z and by using Proposition 2.1 we have BTq = TBgq and hence Bz = BT g =
TBqg = T3z.0n putting « = x,, and v = z in (C2), we have

d?(Axyy,, Sx0,)A(Bz,T2),
A(Axyy, Sx2,)A%(Bz,Tz),
A(Axyp, Sx57)A(Ax9y, T2)A(Bz,8%5,),
Ad(Ax,,T2)A(Bz,85%5,)d(Bz,T7%)

d3(Sx,,,T2) <Y — @ {m(Ax,,, Bz)},

d?(Axyy, B3),
A(Axyp, Sx30)d(Bz,T3),
where  m(Ax,,, Bz) = max A(Axyp, T2)A(Bz, Sx57), =d?*(z,T3)
1[d(Axyp, Sxop)A(Axpy, T2Z)
5[ +d(Bz,Sx,,)d(Bz,T7)
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Proceeding limit as n — oo,we get

d3(z,Tz) < ¥{0,0,0,0} — 0{d?(3,T3)}.

Using the property of ¢ and @, we have z = Tz. Since T(8B) < A(B), therefore there exists a
point wr € B such that z = Tz = Awr.

We claim that z = Sw. On putting « = w and v = z in (C2) we get

d?*(Aw,Sw)d(Bz,T3),
d(Aw,Sw)d?*(Bz,Tz), l _
A(Aw, Sw)d(Aw, T2)d(Ba, sw), [~ ° (AW B2},
Ad(Aw,T3z)d(Bz,Sw)d(Bz,Tz) )

d3(Sw,T3z) <y

( d?(Aw,Bz), ]
d(Aw,Sw)d(Bz,T3z),
where  m(Aw,Bz) = max{ d(Aw,Tz)d(Bz,Sw), } = 0.
1 [d(Aw, Sw)d(Aw,Tz)
2 [ +d(Bz, Sw)d(Bz, Tz)

( d*(z,3), ]
d(z,8uw)d(Tz,Tz),
ie., m(Aw,B3z) = max{ d(z,3z)d(z, Sw), } =0
1| d(z,Suw)d(z,3)
\2 [+d(z, Suw)d(Tz,Tz)

d?(z, Suw)d(z,2),
d(z,Sw)d?*(z,2),
ad(z,Sw)d(z,z)d(z, Sw),
ad(z,z)d(z,Sw)d(z,3z)

Therefore, d3(Sw,z) <y — 0 {03},

This implies that Sw = z. Since pair (8, A) is compatible on B, so, Sw = Aw = z and by
Proposition 2.1, we have ASw = SAw . Thus Az = ASw = SAw = §z.

I.e., 2 = Az = 8§z = Bz = Tz. Therefore, z isa common fixed point of §,T, A and B.
Similarly, we can complete the proof when 7 is continuous.

Uniqueness: Suppose z # w be two common fixed points of §,T, A and B.

Put« = z and v = w in (C2), we get

d3(8z, Tw) < {0,0,0,0} — @(m(Az, Bw))

d3(8z,Tw) < ¥{0,0,00} — @(d?(Sz, Tw))
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On simplification, using the property of 1 and @, we have we have d2(z,w) = 0
i.e., 3 =w.
This completes the proof.
If we put () = 0 for all # in Theorem 2.1, we have the following result:
Corollary 2.1 Let A, B, S and T be four mappings of a complete metric space (B, d4) into itself
satisfying (C1), (C2) and the following condition:
d*(Sx,Ty) <0— 0(m(Ax,By)), forall x,4 € B

d?*(Ax, By),
Ad(Ax,Sx)d(By,Ty),
where m(Ax, By) = max Ad(Ax,Ty)d(By,Sx),
1[ d(Ax,Sx)d(Ax,Ty)
2 [+d(By, Sx)d(By,Ty)

@:[0,00) — [0, ) is a continuous function with @(#) = 0 & £ = 0 and @(#) > 0 for each ¢t >
0. Assume that the pairs (A,S) and (B,7") are compatible. Then A,B,S and T has a unique

fixed point in B.

3. VARIANTS OF COMPATIBLE MAPPINGS AND FIXED POINTS

Fixed point theorems are statements containing sufficient conditions that ensure the
existence of a fixed point. Therefore, one of the central concerns in fixed point theory is to find a
minimal set of sufficient conditions which guarantee a fixed point or a common fixed point as
the case may be. It was a landmark in the fixed point theory literature when the notion of
commutativity mappings was used by Jungck [6] to obtain a common fixed point theorem for a
pair of mappings by using a constructive procedure of sequence of iterates. The essence of
Jungck’s theorem has been used by several workers to obtain interesting common fixed point
theorems for both commuting and non commuting pairs of mappings satisfying contractive type
conditions. The constructive technique of Jungck’s theorem has been further improved and

extended by various researchers to establish common fixed point theorems for three mappings,
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four mappings and sequence of mappings. Common fixed point theorems for contractive type
mappings necessarily require a commutativity condition, a condition on the ranges of the
mappings, continuity of one or more mappings besides a contractive condition.

In 1993, Jungck et al. [10] introduced the notion of compatible mappings of type(A) as
follows:
Definition 3.1 [10] Two self mappings # and g of a metric space (B, &) are called compatible of
type(A) if lim,d(§§x,, gfx,) = 0and lim,d(ggx,, $gx,) =0,
whenever{x,} is a sequence in 8 such that lim,#x, = lim,gx, = %, for some £ in B.

In 1995, Pathak et al. [13] introduced the notion of compatible mappings of type(P) as
follows:
Definition 3.2[13]Two self mappings # and g of a metric space (%8, &) are called compatible of
type(P) if lim,d(#$x,, ¢gx,) = 0,whenever{x,} is a sequence in B such that lim,fx, =
lim,gx, = %, for some ¢ in B.

In 1998, Pant [17] defined the notion of reciprocally continuous mappings. In fact, it is
the generalization of continuous mappings.
Dentition 3.3[17] Two self mappings # and g of a metric space (B, 4)are called reciprocally
continuous if lim,fgx, = #* and lim,gfx, = gt, whenever {x,} is a sequence in B such
that lim,#x, = lim,gx, = %, for some £ in B.
If f and g are both continuous, then maps are reciprocally continuous, but the converse need not
be true.

In 2001, Sahu et al. [22] introduced the notion of intimate mappings in metric spaces. In
fact, it is the generalization of compatible mappings of type (A).
Definition 3.4[22] Let # and g are two mappings of a metric space (B, d) into itself. Then
# and g are said to be:
(1) g-intimate mappings if ad(gfx,, gx,) < ad($fx,, Fx,,), where {x,} is a sequence in B

such that lim,fx, = lim,gx, = £, for some £ inB and a = lim sup or lim inf.
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(2) #-intimate mappings ifad (fgx,, fx,) < ad(ggx,, gx,), where {x,,} is a sequence
in®B such that lim, fx,, = lim,gx, = £, forsome £ in B and a = lim sup or lim inf.

In 2004, Rohan et al. [20] introduced the concept of compatible mappings of type (R) as
follows:
Definition 3.5[20] Two self-mappings# and g of a metric space (8, &) are called compatible of
type (R) if lim,d(#gx,, g¢fx,) = 0and lim,d($fx,, gg¢x,) =0, whenever {x,} is a
sequence in B such that lim,#x, = lim,gx, = £, for some % in B.

In 2007, Singh and Singh [23] introduced the concept of compatible mappings of type (E)
by rearranging terms of compatible mappings of type (P) and compatible mappings
Definition 3.6 [23] Two self-mappings # and g of a metric space (B, &) are called compatible of
type (E) if lim,##x, = lim,fgx, = gt and lim,ggx, = lim,gfx, = #t,whenever {x,}
is a sequence in B such that lim,fx, = lim,gx, = %, for some £ in B.

In 2014, Jha et al. [11] introduced the concept of compatible mappings of type (K) by
modification in compatible mappings of type (P) in a metric space as follows:
Definition 3.7[11]Two self-mappings# and g of a metric space (B, &)are called compatible of
type (K) if lim,d(f#x,,¢t) = 0and lim,d(ggx,, $t) = 0,
whenever {x,, } is a sequence in B such that lim,fx, = lim,gx, = %, for some £ in B.

We describe the relationship among compatible maps and its variants in metric spaces
which are useful for proving our main results.
Remark 3.1 One can note that compatible mapping of type (R) is compatible mapping as well as
compatible mappings of type (P).
Proposition 3.1 [23] Suppose# and g be compatible mappings of type (E) of a metric space
(B, d) into itself and one of # and g be continuous. Suppose lim,#x, = lim,gx, = %, for
some £ in B. Then we have the following:
(a)ft = gt and lim, $#$x, = lim,ggx, = lim,fgx, = lim,gfx,.
(b)If there exists « € B such that f« = gu = %, then fgu = gfu.
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Proposition 3.2 Let # and g be two mappings of a metric space (B, 4) into itself. If # and g are

compatible mappings of type (A), then # and g are #-intimate and g-intimate.

Remark 3.2 If a pair (#,¢) is #-intimate or g-intimate then it need not be necessarily

compatible of type (A).

Proposition 3.3 [22] Let # and g be two mappings of a metric space (B, &) into itself. Assume

that # and g are g-intimate and #¢2 = gt = g € B. Then d(gqg,9) < d($49,9).

We now prove some results in metric spaces related to compatible mappings of type (K), type

(R), type (E) and intimate mappings that satisfy generalized i — @ —weak contraction condition

that involves cubic and quadratic terms of distance function.

Theorem 3.1 Let §,7,A and B are four self mappings of a complete metric space (B, d)

satisfying (C1) and (C2) and the following conditions:

(3.1) the pairs (A, S) and (B, T') are reciprocally continuous,

(3.2) the pairs (A, S)and (B, T) are compatible of type (K).

Then z = Az = Sz = Bz = Tz,and z is unique in B.

Proof. From the Theorem 2.1, we conclude the sequence {¢,} is a Cauchy sequence in B, but

(B,4) is a complete metric space, therefore, {y,} converges to a point z in Bas n—

co. Consequently, the subsequences {Sx,,}, {Ax,,}, {T 25,41} and {Bx,,,1} also converges to

the same point z. Now Since the pairs (A,S) and (B,T) are compatible of type(K), we have

AAxyy = 87, $Sxy, = Az and BBx,,, = T3, TTxy, = Bz asn — oo.

Now we claim that Bz = Az. For this put « = Sx,,, and v = Tx,,,, in (C2) we get
A*(88x2n, TT X3 41)

dz (c’q‘stn' Sstn)d(BTx2n+1'TTx2n+1)'
d(c'quZn'Sstn)dz(BTx2n+1'TTx2n+1)'
d(dquZn: SSxZn)d(CASxZn'TTx2n+1)d(BTx2n+1: Sstn):
d(CASxZn'TTx2n+1)d(BTx2n+1'Sstn)d(BTx2n+1rTTx2n+1)

=y

- @ {m(c'qstn:BTxZn+1)}'
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A?(ASx2n, BT %2 41),
A(ASx0, 8S%20)A(BT %3041, T T X2n41),
Where m (ASx4,, BT X9pn41) = max A(ASx97, TT %97 41)A(BT X241, S8%2n),
1| A(ASxyy, SSx2n)A(ASX 20, TT X9141)
2 [+d(BTx2n+ll‘Sstn)d(BTxZn+1'TTx2n+1)

Letting n — oo and using reciprocal continuity of the pairs (A, S)and (B, T'), we have

d3(Bz,Az.) < ¥{0,0,0,0} — 8(4*(Bz,Az), using property of 3 and @, we have

d3(Bz, Az) = 0.This implies that Bz = Az.

Next, we claim that Sz = Bz. On putting « = z and v = Tx,,,, in (C2) we get
d3(52,TTx5p41)

aA*(Az,82)A(BT %3011, T T %311),
< lpi A(Az,82)A* (BT %3011, T T %311), }
- A(Az,83)A(AZ, TT2%5541)A(BT %90 41,53),
A(Az, TT2n1+1)A(BT %2141, 82)A(BT %3041, T T %2141)

— 0 {m(Az, BT %3111)},

dZ (CAZ, BTx2n+1);
A(Az,83)A(BT %2041, TT X2n41),
Where m(Az, BT x3p41) = max A(Az, TT%3941)A(BT %341,8%),
1[ A(Az,52)A(AZ, TT %3141)
214+d(BT %2041, 82)A(BT X211, T T %2141)

Letting n — oo and using reciprocal continuity of the pairs (A, S)and (B, T), we have
d3(8z,Bz) < ¥{0,0,0,0} — 3(0),

using property of y and @, we have ¢3(Sz, Bz) = 0.This implies that Sz = Bz.

Now we claim that §z = 7'z. On putting « = z and v = z in (C2) we get

d?*(Az,82)d(Bz,T3),

d(Az,83)d?*(Bz,T3),
d(Az,852)d(Az,Tz)d(Bz,S53),
d(Az,Tz)d(Bz,52)d(Bz,T3)

d3(8z,Tz) <y — @ {m(Az,Bz)},

d?(Az,Bz),d(Az,52)d(Bz,T3),
d(Az,Tz)d(Bz,82),
1[d(Az,8z)d(Az,T3)
2|+d(Bz,83)d(Bz,T3z)

where m (Az, Bz) = max
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Proceeding limit as n — oo,we get

d3(8z,7z) < ¥ {0,0,0,0} — @(0).

Thus d3(8z,T73) = 0, implies that Sz = Tz.

Now we claim that z = 7'z. On putting « = x,, and v = z in (C2), we have

dz(‘/qun; §x2n)d(BZ, TZ);
d(dqun' SxZn)dz (Bzr TZ);
Ad(Axzn, Sx2n)A(Ax20, T2)A(BZ,8%2y),

d3(8xy0,T2) <Y i
Ad(Axy,,T2)A(Bz,85%5,)d(Bz,T7%)

f — 8 (m(Axzn B2},

( d?(Ax,y,, B3), \
I Ad(Axyy, Sx5,)Ad(Bz,T3), I

Where m(Ax,,, Bz) = max% d(Axyn, Tz)A(Bz, Sx2y), } = d*(z,Tz)
L1 [d(a‘len, Sx00)A(AXpp, T7) J

2| +d(Bz,8x,,)d(Bz,T3z)
Proceeding limit as n — oo,weget
d3(z,T3) < ¥{0,0,0,0} — 6{d?(z,Tz)}.Uniqueness follows easily
Then z = Az = Sz = Bz = Tz,and z is unique in B.
First, we prove the following theorem for compatible mappings of type (R).
Theorem 3.2 Let §,7,A and B are four self mappings of a complete metric space (B, d)
satisfying (C1) and (C2) and the following conditions:
(3.3) One of §,7,A and B is continuous.
Assume that the pairs (A, S)and (B, T") are compatible of type (R). Then 3 = Az = §3 = Bz =
Tz,and z is unique in B.
Proof: The proof follows from Remark 3.1 and from the compatible mappings.
Finally, we prove the following theorem for pairs of compatible mappings of type (E).
Theorem 3.3 LetS,T,A and B are four self mappings of a complete metric space (B,d)
satisfying (C1) and (C2). Suppose that one of A and S is continuous, and one of B and T is

continuous. Assume that the pairs (A, S) and (B, T") are compatible of type(E). Then 3 = Az =

8§z =Bz =Tz,and zisunique in B.
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Proof. From the proof of Theorem 2.1,sequence {¢,} is a Cauchy sequence in B, but (B,4) is a
complete metric space, therefore, {y, }converges to a point zin Bas n — co. Consequently, the
subsequences {Sx,,}, {Ax,}, {Tx5541} and {Bx,,, .1} also converges to the same point z.
Now Since the pairs (A,S) are compatible of type(E) and one of A and § is continuous, then
by Proposition 2.1, Az = §z. Since §(B) < B(B), therefore, there exists a point g € B such
that Sz = Bg. On putting « = z and v = g in (C2) we get

( d*(Az,53)d(Bg,Tq),
d(Az,852z)d*(Bg,Tq),
Ad(Az,82)d(Az,Tq)d(Bg,S3z),
\d(Az,Tq)d(Bqg,S5z)d(Bqg,Tq)

d3(8z,Tq) << } — @ {m(Az,Bg)},

( a*(Az, Bg), \
d(Az,82)d(Bqg,Tq),
where m(Az,Bg) = max{ d(Az,Tq)d(Bg,S3), } =0
1[d(Az,82)d(Az,Tq) J
\2 |+d(Bg, S2)d(Bg, Tq)

Therefore, we get
d3(8z,Tq) < ¥{0,0,0,0} — @(0), using property of 1 and @, we have
This implies that Sz = Tg. Thus we have Az = Sz = Tq = Bg.
On putting « = z and v = x,,,4 In (C2) we get
a*(83,Txom11)

ad*(Az,82)d(Bxoni1, T X2n41)s
A(Az,82)d*(Bxoni1, T X2n41)s
A(Az,82)A(Az, T %2n41)A(BX2n41,53),
A(Az, T X2541)A(Bxon11,$2)A(BXon1, T X2n41)

=y

— @ {m(Az, Bxon+1)},

a? (CAZ' B5'62n+1)’
d(c'qu Sz)d(3x2n+1'7x2n+1)'
where m(Az, Bxyp41) = max A(AzZ, Txyp41)A(BXopt1,8%),
1 d(Az,82)A(AZ, T Xppi1)
2|4+d(Bxans1,82)A(Bxans1, T ¥2n41)
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d*(Az,5z)d (3, 3),
d(Az,83)d* (3, 3),
d(Az,83)d(Az,2)d(3,52),
Ad(Az,2)d(z3,82)d(z,2)

ord3(5z,2) <Y — @ {m(Az,3)},

( d?(Az, 3), ]
d(Az,83)d(z,3),
where m(Az, 3) = max d(Az,2)A(z,53%), = 0.
1[d(Az,5z)d(Az, 2)
2| +d(z,82)d(z,3)

Therefore, we have

d3(8z,3) < ¥{0,0,0,0} — @(0),using property of 1 and @, we have d3(5z,3) = 0.

This implies that Az = Sz = z.

Now assume that the pair(B, T )are compatible of type (E) and one of B and T is continuous.
Then we get Bg = Tq = z. By Proposition 2.1, we have BBg = BTq = TBq, = TTg, that is
Bz = Tz. Now we claim that z = 7'z. On putting « = x,, and v = z in (C2), we have

dz(‘/q'xZn; 'SxZn)d(BZJ TZ);
d(dqun: SxZn)dz (BZ, TZ);
A(Axypn, Sx3p)A(AX, T2)A(BZ,S%2,),

(S50 T2) < i
A(Axyp, T2)A(Bz,Sx5,)A(Bz,T3)

f — 8 (m(Axsn B},

d?(Ax,,, Bz),
A(Axyy, Sx3,)d(Bz,T3),
where m (Ax,,, Bz) = max A(Axyp, T2)A(Bz, SX27), =d*(z,T3)
1 [d(Axgp, Sxopn)A(AXypn, T7)
2 [ +d(Bz, Sx,,,)d(Bz,T3)

Proceeding limit as n — oo,weget

d3(z,Tz) < ¥{0,0,0,0} — 0{d?(3,Tz)}.This implies that z = Tz.

Uniqueness follows easily. Then z = Az = Sz = Bz = T'z,and z is unique in B.

At the last, we prove a common fixed point theorem for pairs of intimate mappings. In fact
intimate mappings are generalizations of compatible mappings of type (A).

Theorem 3.4 Let S,7,A and B are four self mappings of a complete metric space (B,d)

satisfying (C1) and (C2) and the following conditions:
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(3.4) the pair (A, S) is A -intimate and pair (B, T is B -intimate;
(3.5) A(DB) is a complete subspace of L.
Then g = Ag = Sq = Bg = Tq,and g is unique in B.
Proof Let x, € B be an arbitrary point. From (C1) we can find x; such that S (x,) = B(x;) =
4, for this x; one can find x, € B such that T (x,) = A(x,) = ¢,.Continuing in this way, one
can construct a sequence {x,} such that
Yon = S (X2p) = B(xzn41),

Yons1 = T (Xons1) = A(x4,), foreachn > 0.
From the proof of Theorem 2.1, the sequence {¢,} is a Cauchy sequence in B. Since A(B) is
complete, 3 a point g € AV such that ¢,,41 = T (Xop41) = A(Xaps2) > g asn - oo,
Consequently, we find p € B such that Ap = g. Since {y,} is a Cauchy sequence containing a
convergent subsequence {y¢.,+1}, therefore the sequence {¢,} also converges, which implies
the convergence of {y,,} being a subsequence of the convergent sequence {«,}. Hence
{S (2} {B(x204 1)1 AT (204103 {A (x2n42)} CONVErges to g.
Now we claim that Sp = g. On putting « = p and v = x,,,, in (C2) we get

A*(Sp, Tx2n41)

dz(cﬂﬂ Sp)d(Bxani1, TXon41),
d(Ap, 5#’)5‘2 (Bxon+1, T X2n41),

A(Ap, Sp)A(Ap, Tx2n41)Ad(Bxyni1, SP),
A(Ap, Txyn41)A(Bxons1, SP)A(Bxoni1, TXon41)

<1

-0 {m(c/ljﬂ, Bx2n+1)};

dz (0439' Bx2n+1):
d(dq#?' Sp)d(3x2n+1: Tx2n+1)'
Where m(Ap, Bxyp1) = max A(Ap, Txon41)A(Bxon11,SP),
1 A(Ap, Sp)ad(Ap, T x2n+1)
2|+d(Bxyni1, Sp)A(Bxon i1, TX2n41)

Proceeding limit as n — oo,weget

a*(Sp,q) < {0,0,0,0} — 8(d*(Ap, 4)),
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using property of ¥ and @, we have d3(Sp, g) = 0, which implies Sp = g.
Therefore, Ap = Sp = g.
Since g = Sp € S(B) < B(B), 3 a point w in B such that Bwr = g.
Next, we claim that g = Tw. On putting « = p and v = w in (C2) we get

d*(Ap, Sp)d(Bw,Tw),
d(Ap, Sp)d?(Bw,Tw),
A(Ap,Sp)ad(Ap, Tw)d(Bw,Sp),

A3 Sp,Tw) <y i
Ad(Ap, Tw)d(Bw,Sp)d(Bw,Tw)

j — 0 {m(Ap, B},

( d*(Ap, Bw), ]
Ad(Ap,Sp)d(Bw,Tw),
where m(Ap, Bw) = max ad(Ap, Tw)d(Bw,Sp), =0.

Ll[ d(Ap, Sp)d(Ap, Tuw) ] [
2|+d(Bw,Sp)d(Bw,Tw) }

On simplification, we have
d3(q, Tw) < ¥{0,0,0,0} — @(0)
Thus we get d3(g, Tw) = 0, which implies thatg = Tuwr.
Hence Bw = Tw = g.
Since Ap = Sp = g and the pair (A, S) is A -intimate, by Proposition 3.3, we have
d(Ag,q) < d(Sq,9).
Next, we claim that g = Sg. On putting « = ¢ and v = w in (C2) we get

d?(Ag,S8q)d(Bw,Tw),

d(Ag,Sq)d?*(Bw,Tw),
d(Aqg,5q)d(Aqg, Tw)d(Bw,Sqg),
d(Aqg, Tw)d(Bw,Sq)d(Bw,Tw)

d3(8q,Tw) <y — @ {m(Ag, Bw)},

d*(Ag, Bw), d(Ag,Sq)d(Bw, Tw),
ad(Aq, Tw)d(Bw,Sq),

1[ d(Ag,S8g)d(Ag, Tw)

2 [+d(Bw, $q)d(Bw,Tw)

Where m(Aqg, Bu) = max

Therefore,
a*(84,4) < ¥{0,0,0,0} — @(0).

Thus we get d3(Sg,g) = 0,which further implies that Sg, = g.

2709
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Hence Sqg = Ag = g.
Similarly, we get Bg = T¢q¢ = q.

The uniqueness follows easily. Hence g = Ag = Sq = Bg = Tg,and g is unique in B.

4. APPLICATION

In 2002 Branciari [4] obtained a fixed point theorem for a single mapping satisfying an
analogue of a Banach contraction principle for integral type inequality.
Theorem 4.1 Let (B, 4) be a complete metric space and # : B — B is a mapping such that,

foreach x,¢4 € B,
d(xy) a(xy)
f p()dt < cf () dt
0 0

c € [0,1),where ¢ : Rt — R isa“Lebesgue-integrable function” which is summable,
nonnegative, and such that, for each €> 0, foe @(£)dt > 0. Then # has a unique fixed point z €

B such that, for each x € B, lim #™ = z.
n—oo

Now we prove the following theorem as an application of theorem 3.1.
Theorem 4.2 Let §,7,A and B be four self-mappings of a complete metric space (B,d)
satisfying the conditions (C1), and the following conditions:

(C3)
d3(Sx,Ty) M(x,y)
j p(*)dt < j p(t) dt
0 0
d?(Au, Sw)d(Brv, Tv),
d(Auw, Suw)d?*(Bv, Tv),
d(Au, Suw)d(Au, Tv)d(Bv,Su),
Ad(Auw, Tv)d(Bv,Su)d(Bv,Tv)

M(u,v) =1 — @ {m(Au,Bv)},

d?(Au, Bv), d(Auw, Su)d(Bv, Tv),
d(Aw, Tv)d(Bv,Su),
1[d(Au, Su)d(Au, Tv)
2|+d(Bv, Sw)d(Bv, Tv)

where m (Auw, Bv) = max
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for all u,v € B, where y: [0, ©) — [0, o) is a continuous and non-decreasing function with
Y(t)<tforeach £ > 0and @: [0, ) — [0, ) is a continuous function with @ (¢) =0 &£ =0
and @(#) > 0 for each # > 0.Further, where ¢ : R* - R* is a “Lebesgue-integrable over

R*function” which is summable on each compact subset of R*, non-negative, and such that for
each € > 0, foecp(t)dt > 0. Moreover, assume that the pairs the pairs (A,S) and (B,T’) are

compatible of type (K). Then 3 = Az = Sz = Bz = Tz,and z is unique in B.

Proof. The proof of the theorem follows on the same lines of the proof of the theorem 3.1. On
setting ¢ (t) = 1, we get theorem 3.1.

Remark 4.1 Every contractive condition of integral type automatically includes a corresponding

contractive condition not involving integrals, by setting ¢ (t) =1 .
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