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Abstract

In this paper, we have extended the concept of contraction by introducing D-
Contraction defined on a family of & of bounded function . Also, a new notion of
fixed function has been extended G-metric space. Some fixed theorems with illustrate
examples have also been given to verify the effectiveness of our result. In 2019, Vishal
et. al [3] presented some fixed function theorems using the notion of fixed function
and D-Contraction in complete metric space. Following this concept, a sequence is
constructed in G-metric space with three different dose function which converges to
a fixed function. An application based on the best approximation of treatment plan
for tumor patients by splitting DDC' matrix into three components with three dose
functions.
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1 Introduction

Banach contraction principle is one of the most fruitful and applicable theorems in the
classical functional analysis. This principle ensures that the application of a continuous
self mapping on two points of a complete metric space contracts the distance between those
two points. Stefan Banach [12] gave the concept of ” Contraction to prove the existence and
uniqueness of a fixed point. Banach Contraction says that, A contraction self mapping
defined on a complete metric space possesses a unique fized point which can be obtained as
the limit of an iteration scheme constructed by applying repeated images of the mapping
(starting from an arbitrary point of space)”. For more details, references [1,6,9 — 11] can
be cited

After that, many authors named Kannan [11], Chatterjea [13] and Ciric [7] gave the
extension of this result by applying different contraction conditions.

By now, there exists a literature on all these generalizations in different spaces which are
applicable to the numerous fields. This paper deals with a unique approach in the field
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of contraction mappings introduced with a family of bounded functions. In section 3,
main results are presented with some illustrative examples while section 4 deals with an
application to the medical science.

In order to prove our main results, we have taken some basic concepts, definitions and
results from the literature.

2 Preliminaries

Mustafa and Sims [15] introduced a new class of generalized metric space called G-metric
space in 2005 which is a generalization of metric sapce (M, d).

Definition 2.1. [15] Let M be a non empty set, and G : M x M x M — R* be a function
satisfying the following properties:

1. G(Ilm,n) =0ifl=m=n,

2. 0 < G(,1,m), for all I,m € M, with [ # m,

3. G(I,I,m) < G(l,m,n), for all [;m,n € M, with n # m,

4. G(I,m,n) = G(l,n,m) = G(m,n,l) = ...(symmetry in all three variables),

5. G(I,m,n) < G(l,a,a) + G(a,m,n), for all [,m,n,a € M, (rectangular inequality).

Then the function G is called a generalized metric, or, more specifically a G-metric on M,
and the pair (M, G) is called a G-metric space.

Definition 2.2. [15] For a G-metric space (M,G), a mapping T : M — M is called
a contraction mapping on M if for any real number A with 0 < A < 1, the following
inequality holds:

G(Tl,Tm,Tn) < AG(l,m,n) for all [,m,n € M.

Remark 2.3. It can be easily seen that the geographical distance between the images of
any three points of a given set is contracting by a uniform factor A < 1.

Example 2.4. [15] Let M = R3 be a set equipped with standard G-metric G(i.e.G(l,m,n) =
|l1 — lo| + |l2 — 3] + |m1 — ma| 4+ |ma2 — ms| + |n1 — na| + |n2 — ns| foralll, m,n € M) and
T : R?> — R? be the mapping defined as TI = %l for all I € R3. Then T is a contraction
on M as G(I,m,n) = 2{|ls — m1 —ni| + |lo — ma — no| + [ls — m3 — ng|} = 2G(I,m, n).

Theorem 2.5. [15] Let (M,G) be a complete G-metric space and T be the contraction
mapping defined on M. Then T possesses a unique fixed point | in M i.e. Tl =1.

Theorem 2.6. [16] Let (M, G) be a complete G-metric space and T be the self mapping
defined on M which satisfy the condition

G(Tl, Tm,Tn) < aG(, T, Tl) + SG(m,Tm,Tm) +vG(n,Tn,Tn) + 0G(l,m,n)
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for alll,m,n € M and «, 3,7, non negative with a« + 5 +v+ 6 < 1. Then T admits a
unique fixed point in M.

Definition 2.7. [8] Let ¥ be the family of all functions ¢ : [0, +00) — [0, +00) satisfying
the following properties:

1. E;:‘fgbp(t) < +oo for every t > 0, where 9P is the pth iterate of 1;

2. 1 is nondecreasing.

Lemma 2.8. [2] If ¢ : [0,400) — [0,+00) is a nondecreasing function, then for each
t > 0,limy,, o0 YP(t) = 0 implies (t) < t.

Lemma 2.9. [2] If¢ € U, then the function v is continuous at 0.

Definition 2.10. [8] Let (M,G) be a G-metric space and T be a given self mapping
defined on M. The mapping T is said to be an a — ¥ contractive mapping if there exists
two functions a: M x M x M — [0, 400 and ¢ € U satisfying

a(l,m,n)G(Tl,Tm,Tn) < Y(G(l,m,n)) for all [,m,n € M.

Definition 2.11. [8] Let T: M — M and av: M x M x M — [0, +oco. The mapping T is
known as a-admissible mapping if

a(l,m,n) > 1= a(Tl,Tm,Tn) > 1 for every l,m,n € M.

3 Main Results

This section presents some fixed function theorems using the notions of fixed function and
D-Contraction.

Definition 3.1. Let D be any self mappings defined on a family of functions &, then
f € S is said to be fixed function of D if Df = f.

Definition 3.2. Let (M, G) be a complete G-metric space and let & be the collection of
all bounded functions defined on M. Let D be any self mapping on &. Then the given
mapping is called D-coOntraction mapping on S, if for any real number A € [0, 1), we have

G*(Df, Dg, Dh) < \G*(f, g,h) for all f,g,h €

where

G*(f,9,h) = sup{G(f (1), g(m), h(n))|l,m,n € M} = Sup{lf(l)g(m)|+lg(m)h(n)|+(|f()l)h(n)\ll’man €M
3.1

Theorem 3.3. Let (M, G) be a complete G-metric space with metric G defined as G(l, m,n) =
maz{|l —m|,|m —n|,|n—1|} for alll,m,n € G. Let S be a collection of all bounded func-
tions f defined on M with G*.

Also, let D-contraction mapping defined on . Then there exists a unique fized function

f €S i.e. there exists some f € S such that Df = f.
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Proof. Let f,g be any two functions from the family &. Since D is the D-contraction
mapping on <, therefore, there exists a real number A € [0, 1) such that

G*(Df,Dg,Dg) < A\G*(f,g,9) for all f,g €<
where
G*(f,9,9) = sup{G(f(1),g(m), g(m))} such that I,m e M.
This further implies that

G*(DQf, DZg,DQg) < AG*(Df, Dg, Dg)
< )\QG*(f,g,g)forallf,g €g.

Continuing in the same manner, we get

G*(D?f,DPg,DPg) < N’G*(f,g,9)forallf,g € S. (3.2)

Step I: We will show that { fn}pen is a cauchy sequence.
Let fo be any function in 3. Let us define the sequence { f,}eny by setting

fi=D(fo),
fa = D(f1) = D*(fo),

fo = D(fp1) = D2(fyp2) = .. = D*(fo).

Let a,b € N be some positive integers with a > b. Let a = b+ x where x is a +ve integer
greater than equal to 1.

G*(fb’favfa) = G*(fb7fb+l'7fb+x)

< G*(fo, for1, for1) + G (forr, foro, for2) + oo + G (fograo—1, foras fora)

= G*(D’ fo, D’ 1, DP f1) + G*(DPT fo, DY f1, DV fr) + o+
G* (DbJrIflfO’ Db+x71f1’ DbJr:L"flfl)

< NG*(fo, fr, fr) + NG (fo, fii f1) + o+ XTTEG (fo, f1, f1) (using (3.2))
= )\bG*(f(Jafbfl)‘[l +A+ A2 +.o.+ )\xil]
< %G*(fo,fl,fl)where)\ < 1.

Since & is a family of bounded functions, therefore

G*(fo, fas fa) — Oasa,b — oc.
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Hence { f,}pen) is a cauchy sequence in .

Step II:Existence of fized function. As < is the family of bounded functions defined
on complete G-metric space (M, G), therefore, (D, G), therefore (¥, G*) is a complete G-
metric space and thus the sequence {fp}pen) is convergent in .
Let f € S be the limit of {f,}penyi-e. limy o0 fp = f-
By the continuity of D, we get

lim,, o Df, = Df.
Also,

Dfy, = fn41 — fasp < 0.

Thus, uniqueness of limit implies that Df = f. This shows that f is a fixed function of D.

Step III: Uniqueness of fized function. Let g be another fixed function of D i.e. Dg =g
and f ~ g.

0 < G*(Df, Dg, Dg)
< AG*(f.9,9)
<G*(f,9.9)

Thus we arrive at a contradiction. Hence, f is a unique fixed function of D. O

Example 3.4. Let M = R(set of real numbers) and G be the G-metric space defined
on R. Clearly, (M,G) is a complete G-metric space. Let D be the family of bounded
functions defined on M and G* be the G-metric on D defined as

G*(f.9:9) = sup{G(f (1), 9(m), g(m))|l,m € M} = sup{|f(I) — g(m)||l,m € M}.

It can be easily seen that (D, G*) is a complete G-metric space being the family of bounded
functions defined on complete G-metric space (M, G).
Let

f(1) = {1lisrational
Oliirrational

and

g(m) = {—1luisrational
Ouisirrational.

Let the mapping D be defined as Df = f2 for all f € S.
Then, we only need to show that the mapping D is a D-contraction mapping.
For this, we have

G*(Df, Dg, Dg) = sup{G(Df(1), Dg(m), Dg(m))|l,m € M}

= sup{|f*(1) — g*(m)||l,m € M}
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< sup{|f(l) — g(m)||l,m € M}whered <\ <1
= G*(Df,Dg,Dg) < A\G*(f,9,9)-

Since all the conditions required for Theorem 3.3 are fulfilled, therefore, there exists a
unique fixed function of D. In this example, f2, f4, f¢ etc. yield same fixed function of D.

Example 3.5. Let M = [0,1] and G be the G-metric defined on M. Let & = C[0,1] (i.e.
set of all real valued continuous functions defined on [0, 1]) and the mapping D : ¥« &
be defined as

Df(l) = 2 f(1) forallf € Sandl € [0,1].

Here, (M, G) is a complete G-metric space and & = C[0,1] is the collection of all real
valued continuous (and hence bounded) functions defined on M = [0, 1].

Let f,(I) = ¥ for all p € [0,1].

Then {f,(p )} (pef0,1]) 18 a uniformly convergent sequence in 3 and therefore is a cauchy
sequence.

Also, the given mapping is a D-contraction mapping as

G*(pf, Dg, Dg) = G*(3 f,

= sup{G(2 (1), 2g(m), 2g(m)

5SUP{G( (1), g(m), g(m))|L, mGM}
< )\G*(f,g,g)for5 <A<

Since all the conditions required for Theorem 3.3 are fulfilled, therefore, there exists a
unique fixed function of D. In this example, null function is a unique fixed function.

Theorem 3.6. Let (M,G) be a complete G-metric space (where G is the G-metric as
defined earlier) and D be the collection of all bounded functions f defined on M with G-
metric G* (as defined in(3.1)).

Also, let D be the modified D-contraction mapping on S satisfying

G*(Df,Dg, Dg) < aG*(f, Df,Df) + BG*(g, Dg, Dg) +G*(f, g,9)

for all f,g € &5, 8,7 are non negative with o+ 4+~ < 1. Then D has a unique fixed
function.

Proof. Let us define a sequence {fp}en) of functions of S in the following way:
Let fo € S be any arbitrary function and f, = Df,—1 = D" fj.

Step I: {f,}p € N} is a cauchy sequence in I
G*(flan)fQ) = G*<Df07Df17Df1)

< aG*(fo, Dfo, Dfo) + BG*(f1, Df1, Df1) +~vG*(fo, f1, f1)
= aG*(fo, f1, [1) + BG*(f1, f2, f2) +vG*(fo, f1, [1)
= (O[+’Y)G*(fﬂaflafl) +5G*(f17f27f2)
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= (1 - B)G*(flvf%fé) < (a+7)G*(f07f1af1)
G*(f1, fo. f2) < (T3)G*(fr. fo, fo) (wheref < 1)

Similarly
G*(fa, f3, f3) < (%)G*(fla f2, f2)

< (E3)°G*(fo, 1, 1)

and so on.

As (a+’y) < 1and fy, fi € are bounded, therefore, {f,}p € N) is a cauchy sequence in
3.

Since & is complete being the family of bounded functions defined on complete G-metric
space (M, G), therefore, the sequence {f,}p € V) is convergent in 3 (say it converges to

fes).

Step 1I: Existence of fized function.
Now it will be shown that f is a fixed function of D. Let s be any arbitrary +ve integer.

G*(f,Df,Df) < G*({, fs, fs) + G*(fs, Df, Df)
= G*(fa fs7f8) + G*(DfS*th’Df)
= G*(fv fsafs) + G*(Df7 Dfs_l’Dfs_l)

= G*(f,Df,Df) <
G*(f7 f87f8) + aG*(f? Df7Df) + G*(f8—17Dfs—17Dfs—1) +7G*(f7 Dfs—lans—l)

= (1=a)G*(f,Df,Df) < G*(f, fs, fs) + BG*(fs—1, Dfs—1, Dfs—1) +7G*(f, Dfs—1, Dfs-1)

The right side expression can be made arbitrary small enough by taking s sufficiently
large. Thus

0<G*(f,Df,Df) <e
= G*(f,Df,Df) = Oi.efisafixedfunctionof<S.

Step III: Uniqueness of fized function.
Suppose g € & be another fixed function of Di.eDg = g and g ~ f.

Then
G*(f,9,9) = G*(Df, Dg, Dg)
< aG*(f,Df,Df) + fG*(g, Dy, Dg) +vG*(f, 9, 9))
= (1=7)G"(f,9,9) < O(wherey <1)
= G*(f,9,9) <0
which is a contraction to our assumption. This implies that f is unique. O
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In this paper, we have extended the concept of o — 1) contractive mapping in the
following manner:

Definition 3.7. The mapping D : & — < is said to be an a — 9 contractive mapping if
there exists two functions «: M x M — [0, 400) and ¢ € ¥ satisfying

a(f(1),g(m), g(m))G*(Df, Dg, Dg) < ¥(G*(f,9,9) (3-3)

for every f,g € S and I,m € M.

Definition 3.8. Let D: S — S and a: M x M — [0,400). The mapping D is called an
a-admissible mapping if

a(f(1),9(m),g(m)) = 1 = a(G*(Df,Dg, Dg)) = 1
for every f,g € S and [,m € M.

Theorem 3.9. Let (M, G) be a complete G-metric space and S be the collection of all
bounded functions f (defined on M) with G- metric G* (as defined in (3.1))). Let D :
S — $ be an a — Y contractive mapping. Also, suppose that

(i) D is a- admissible.

(ii) there is some fo € S for which a(fo(l), Dfo(m),Dfo(m)) > 1 for alll,m € M.

(i1i) D is continuous.

Then D possesses a fized function in 3.

Proof. Let fy € & be a function such that
a(fo(l), Dfo(m),Dfo(m)) > 1foralll,m € M.

Define the sequence {f,}pen) in S by fpi1 = Df), for every p € N. If f, = f,11 for some
p € N, then f, is a fixed function of D. Let us assume that f, # f,+1 for every p € N.
As by condition (i), D is a- admissible, therefore for all [, m € M, we have

a(fo(0), fu(m), f1(m)) = a(fo(1), Dfo(m), Dfo(m)) > 1
= a(Dfo(l), Df:(m), Dfy(m)) = a(fi(1), fo(m), fa(m)) > 1

By mathematical induction, we get

a(fp(l), fpr1(m), fp41(m)) > 1forallp € Nandl,m € M. (3.4)
Using (3.3) and (3.4),

G*(fy fpi1: Fp1) = G*(Dfy1, Dfy. Dfy)
< a(fy-1(1). fo(m), fy(m))G*(Dfy1, Dfy, Dfy)
< PG (fot. Fr )

Repetition of above process implies

G*(fps fp+1s fpr1) S UP(G*(fo, f1, f1)) forallp € N.
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Let p > g > N for N € N. Using triangular inequality, we have

GG*(fqa I fp) <
G*(fqv fq+17 fq+1) + G*(fq+17 fq+2a fq+2) + G*(fq+27 fq+37 fq+3) Rt G*(fp—lv fpv fp)

< wq(G*<f07f17fl)) + quG*(an fl?fl) + o+ wp—l(G*(fO’ fl?fl))
= SEZ (G (fo, f1. f1))-

As E;ﬁ‘{dﬂ’(l) < 400 for each I > 0, so {fp}pen is a Cauchy sequence in & and being
collection of bounded functions defined on complete G-metric space (M, G); (3, G*) is
itself a complete G-metric space. Therefore, there exists a function f € < such that

fp — fasp — 400
As D is a continuous mapping, therefore, we have
Df, = Dfasp — +00 = fp+1 = Dfasp — +oo.

Since limit of a convergent sequence is always unique, therefore, we have f = Df i.e. f is
a fixed function of D. This completes the proof. O

Theorem 3.10. Adding condition (H) to the hypothesis of Theorem 3.9, we obtain the
uniqueness of fized function of D.

Proof. Let us suppose that f* and g* be two fixed functions of D. From (H ), there exists
some h* € & such that

a(f (1), h*(m), h*(m)) = landa(g*(1), h*(m, h*(m)) = 1 (3.5)
Since D is a-admissible, by (a), we have
a(f*(1), D*h*(m), D*h*(m)) > landa(g* (1), D*h*(m), D*h*(m)) > 1forallu € N. (3.6)
Using (3.5) and o — % contractive condition
G*(f, D*h*, D*h*) = G*(Df*, D(D“1h*), D(D*~h*))
< a(f*(1), D" ¥ (m), D' R (m))G* (Df*, D(D"~h*), (D" h*))
< (G (f*, DL h*, D1 R))
which implies that
G*(f, D*h*,D"h*) < “(G*(f*,h*,h*)) for all u € N.

Taking limit © — 400, we get

D“h* — f*.
Similarly,
DYh* — g*.
Uniqueness of limit gives f* = ¢g*. This proves the theorem. O
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4 Application

The application is this section is based on best approximation of treatment plan for tumor
patients getting intensity modulated radiation treatment therapy (IMRT).

In this technique, a proper dose deposition coefficient (DDC) matrix truncation has been
used which improves the accuracy of the results. In these technique, a dose deposition
coefficient (DDC) matrix is generally computed to approximate the dose distribution to
each voxel in required volume of interest from every beamlet with unit intensity.

Fixed point approximation method is a very effective and efficient method to solve this
problem. In this method, a proper DDC matrix truncation has been used that significantly
improves accuracy of results. in 2013, Z. Tian et al.[17] given a fluence map optimization
(FMO) model for dose calculation by splitting the DDC matrix in two components D; and
Dy on the basis of threshold value. Bortfeld [14] and Shepard et al. [4] also given some
important techniques to produce algorithms for the problems come in tomotheraphy.
The matrix D; (major components) consist those values of DDC matrix which are higher
than the threshold value while the minor component Dy consist the remaining values.
Actually, D; represents those doses which correspond to tumor area voxels (specifically)
while Dy represents scatter doses passing at large distances. The problem can be given
as:

M = argminl| Dyl + 6 — T, (4.1)
s+ = Dyt (4.2)

The above model consist of an outer loop as well as an inner loop. Here 'k’ is the iterative
index of outer loop. Equation (4.1) represent the inner loop which has an iterative algo-
rithm for value §* which is the dose value corresponding to Ds.

The matrix D7 contain much reduced number of non-zero element as compared to the
DDC full matrix. So, inner loop will converge more quickly than the original matrix. The
outer loop given by equation (4.2) updates the value of (671 using minor matrix Ds.
Here, T' denotes the prescription dose for planned target volume (PTV') voxels and thresh-
old dose for organs at risk (OAR) voxels. This mapping gives rise to a sequence [9, 11,12, ...
containing different dose distributions corresponding to a patient.

Following this concept, the treatment plan for more than a patient at a time, is presented
through our results in a more effective way. The results proposed in this paper provide a
very efficient and easy technique for estimation of suitable treatment plan.

In this given case, two tumor patients have been considered with different tumor levels.
Let M denotes the set of all threshold intensity values (with a unit G,) to be given on
particular days and in particular sessions. A patient is getting the therapy two times a
day. Days and sessions are denoted by D and S respectively.

M = {(1, Dlsl, D151>, (%, Dlsg, D152), (1, DQSl, D251>, (%, DQSQ, DQSQ)PCLtient -1
(1,D151,D1851), (2, D152, D1Ss), (1, D2S1, D2S1), (2, D2 S, D2 Sy) Patient — IT

Note that M is complete being a closed and bounded subset of R3. Let & = {f1, f2, f3}
be the family of dose functions and each function represents different dose distributions
(to tumor locations) of different tumor patients during IMRT.
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fi(l) = {2l Patient — I,
[Patient — I1;

f2(m) = {§ Patient — I,
szPatient — 11

and

f3(n) = {§ Patient — I,
2?"Patiemf —1I.

It is to be noted that & is the family of bounded functions. Let D : & — & be the mapping
defined as Df = f2 — 2f + 2Vf € Q. It is required to prove that D is a D-contraction
mapping. For [,m,n € M, we have the following cases:

For Patient - 1

Case I - When l =m=n=1. Then

|Df1 — Dfa] = 9 and \fi— fo = 3,

|Df2 — Dfs| = ﬁ and |fy — f3] = %

IDfi — Dfs| = 55 and |f1 — f3| =

CaseII—l:m:n:%. Then

|Df1 — Dfa| = 53 and L= fo] =2,
|Dfs — Dfs| = 3600 and |fo — f3] =
IDfy — Dfs| = {55 and [f1 — fs| = 5.

2
30

Case IIl - Whenl=1,m=n = % Then
IDfi — Dfo| = &4 and |fi — fo| = 4,
|Df2 — Dfs| = 561060 and |f2 — f3] = &
IDfi — Dfs| = 155 and | f1 — fa| = 13

Case IV - When =3 =n= 1 Then
|Df1 — Dfs| = 9. 5 and |f1 fal =%,

|Dfz — Dfs| = m and |fy — f3] = %
IDf1 — Dfs| = 32 and |f1 — f3| = 2

CaseV—Whenl:m:I n=
IDfi = Dfo| = 2 and |f1 — fo| = 3,
|Dfs — Df3| = 338 and |fo — f3| = 55
IDf1 — Dfs| = 155 and | f1 — f3] = 13

. Then

l\)\»—l
01

Case VI - When [ =m = 2,n = 1. Then
IDfy — Dfs| = 32 and [f1 — fa| = 2,
|Df2 — Dfs| = g5 and |fa — f3\ = %

IDfy — Dfs| = 3% and |f1 — f5| = £

2080



European Journal of Molecular & Clinical Medicine

I SSN 2515-8260 Volume 08, Issue 03, 2021

For Patient - II

Case I - When!l=m =n=1. Then
|IDf1 — Df2|—9and |fi— fo] = 3,
|Df2 — Dfs| = m and |fy — f3] = %
IDfi — Dfs| = 55 and |f1 — f3] =

CaseII -l =m —n—2 Then
|Df1 — Dfs] = 9. Sand |fi — fo| = 2,
|Dfs — Dfs| = m and |fa — f3\ =3
|Df1 Df3| 5F and |f1 | §.

Case I1I - When l=1,m=n= 2. Then
|IDfi1 — Dfa| = § and |f1 — fo| = 1,

|Df2 — Dfs| = ﬁ and |fy — f3] = %
IDfi — Dfs| = 55 and |f1 — f3| = }

Case 1V - When [=2,m=n= 1. Then
|Dfi — Dfa] = g Sand |f1 — fo| = 5,

|Df2 — Dfs| = ﬁ and |fa — f3] = %
IDfi — Dfs| = 3¢ and |f1 — f3] =

CaseV—Whenl:mzl,nzz Then
|Dfi — Df2| = 9, sand | fi — fo] = 3,
|Dfs — Dfs| = ﬁ and |f — f3| = &
IDfi — Dfs| = 55 and |f1 — f3| =

Case VI - When l =m = 2,n = 1. Then
|IDf1 — Df2|—9 and |f1 — fao| =

|Df2 — Dfs| = ﬁ and [f2 — f3\

IDfi — Dfs| = 3% and |f1 — f3] = %
From all above cases, for Patient-I

G*(Df1,Df2,Df3) = sup{|Df1 — Df2| + |Df2 — Df3| + |Df1 — Df3|l,m,n € M}
32 < 3{11 + 30 +
= \G*(f1, f2, f3).
and for Patient-II
G*(Df1,Df2,Df3) = sup{|Df1 — Df2| + |Df2 — Df3| + |Df1 — Df3|l,m,n € M}
—P<HEH+D

= AG*(f1, 12, f3).
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where \ = % < 1.
Thus, all the conditions required for Theorem 3.3 are fulfilled. Therefore, there exists a

unique fixed function f1 of D that yields suitable doses for two patients at the same time.
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